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_

h

Iluvw Yhuvlrq= Pd| 4<<<
Wklv Yhuvlrq= Mdqxdu| 5333

Devwudfw
Zh frqvlghu d jhqhudo phfkdqlvp ghvljq vhwwlqj zkhuh hdfk djhqw
fdq dftxluh +fryhuw, lqirupdwlrq ehiruh sduwlflsdwlqj lq wkh phfkdqlvp1
Wkh fhqwudo txhvwlrq lv zkhwkhu d phfkdqlvp h{lvwv zklfk surylghv wkh
h!flhqw lqfhqwlyhv iru lqirupdwlrq dftxlvlwlrq h{0dqwh dqg lpsohphqwv
wkh h!flhqw doorfdwlrq frqglwlrqdo rq wkh sulydwh lqirupdwlrq h{0srvw1
Lw lv vkrzq wkdw lq hyhu| sulydwh ydoxh hqylurqphqw wkh Ylfnuh|0
Juryhv0Fodun phfkdqlvp jxdudqwhhv erwk h{0dqwh dv zhoo dv h{0srvw
h!flhqf|1 Lq frqwudvw/ zlwk frpprq ydoxhv/ h{0dqwh dqg h{0srvw h!0
flhqf| fdqqrw eh uhfrqflohg lq jhqhudo1 Vx!flhqw frqglwlrqv lq whupv
ri vxe0 dqg vxshuprgxodulw| duh surylghg zkhq +doo, h{0srvw h!flhqw
phfkdqlvpv ohdg wr sulydwh xqghu0 ru ryhu0dftxlvlwlrq ri lqirupdwlrq1
Wkh dxwkruv wkdqn Vdqghhs Edoljd/ Vwhyh Pdwwkhzv/ Vwhskhq Pruulv/ Mrh Rvwur|/
Qlfrod Shuvlfr/ Pduwlq Shvhqgruihu/ Sklo Uhq|/ Eloo ]dph/ dqg hvshfldoo| Mrq Ohylq iru
vhyhudo khosixo glvfxvvlrqv1 Frpphqwv iurp vhplqdu sduwlflsdqwv dw X1F1O1D1/ Plqqhvrwd
dqg \doh duh juhdwo| dssuhfldwhg1 Ilqdqfldo vxssruw iurp QVI Judqw VEU <:3<;;: dqg
<:3<673/ uhvshfwlyho|/ lv judwhixoo| dfnqrzohgjhg1
_
Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398530;59;/ X1V1D1/
glun1ehujhpdqqC|doh1hgx1
h
Ghsduwphqw ri Hfrqrplfv/ Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq/ LO 9353;0533</ X1V1D1
dqg Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Vrxwkdpswrq/ Vrxwkdpswrq/ VR4: 4EM/ XN/
mxxvr1ydolpdnlCvrwrq1df1xn1
W
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Lqwurgxfwlrq
Prwlydwlrq

Lq prvw ri wkh olwhudwxuh rq phfkdqlvp ghvljq/ wkh prgho dvvxphv wkdw d
qxpehu ri hfrqrplf djhqwv srvvhvv d slhfh ri lqirupdwlrq wkdw lv uhohydqw iru
wkh h!flhqw doorfdwlrq ri uhvrxufhv1 Wkh wdvn ri wkh phfkdqlvp ghvljqhu lv wr
qg d jdph irup wkdw lqgxfhv wkh djhqwv wr uhyhdo wkhlu sulydwh lqirupdwlrq1
Dq h!flhqw phfkdqlvp lv rqh zkhuh wkh qdo doorfdwlrq lv h!flhqw jlyhq doo
wkh sulydwh lqirupdwlrq dydlodeoh lq wkh hfrqrp|1
Lq wklv sdshu/ zh wdnh wklv dqdo|vlv rqh vwhs ixuwkhu1 Zh dvvxph wkdw
ehiruh sduwlflsdwlqj lq wkh phfkdqlvp hdfk djhqw fdq fryhuwo| rewdlq dggl0
wlrqdo sulydwh lqirupdwlrq dw d frvw1 Diwhu wkh lqirupdwlrq kdv ehhq dftxluhg/
wkh phfkdqlvp lv h{hfxwhg1 Khqfh wkh sulplwlyh qrwlrq lq rxu prgho lv dq
lqirupdwlrq jdwkhulqj whfkqrorj| udwkhu wkdq d {hg lqirupdwlrqdo w|sh iru
hdfk sod|hu1 Lw lv fohdu wkdw wkh surshuwlhv ri wkh phfkdqlvp wr eh sod|hg lq
wkh vhfrqg vwdjh dhfw wkh sod|huv* lqfhqwlyhv wr dftxluh lqirupdwlrq lq wkh
h{ dqwh vwdjh1
Wkh pdlq uhvxowv lq wklv sdshu fkdudfwhul}h lqirupdwlrq dftxlvlwlrq lq h{
srvw h!flhqw phfkdqlvpv1 H!flhqf| ri d phfkdqlvp lq wklv sdshu lv xqghu0
vwrrg lq wkh vdph vhqvh dv lq wkh ruljlqdo frqwulexwlrqv e| Ylfnuh|/ Fodunh
dqg Juryhv1 Lq sduwlfxodu/ zh gr qrw lpsrvh edodqfhg exgjhw ru lqglylgxdo
udwlrqdolw| frqvwudlqwv rq wkh phfkdqlvp ghvljqhu1 Lq wkh lqghshqghqw sul0
ydwh ydoxhv fdvh/ zh vkrz wkdw wkh Ylfnuh|0Fodunh0Juryhv +khqfhiruwk YFJ,
phfkdqlvp lqgxfhv h!flhqw lqirupdwlrq dftxlvlwlrq dw wkh h{ dqwh vwdjh1
Wkh frpprq ydoxhv fdvh lv pxfk ohvv vwudljkwiruzdug wr dqdo|}h1 Lq oljkw
ri wkh uhfhqw uhvxowv e| Gdvjxswd ) Pdvnlq +4<<;, dqg Mhklho ) Progrydqx
+4<<;,/ lw lv lq jhqhudo lpsrvvleoh wr qg phfkdqlvpv wkdw zrxog uhvxow lq h{
srvw h!flhqw doorfdwlrq1 Dgglqj dq h{ dqwh vwdjh ri lqirupdwlrq dftxlvlwlrq
grhv qrw doohyldwh wklv sureohp1 Wkh wzr edvlf uhtxluhphqwv iru lqfhqwlyh
frpsdwlelolw| ri wkh h!flhqw doorfdwlrq uxoh duh wkdw wkh vljqdov wr wkh djhqwv
eh vlqjoh glphqvlrqdo dqg wkdw wkh doorfdwlrq uxoh eh prqrwrqlf lq wkh vlj0
qdov1 Hyhq zkhq wkhvh wzr frqglwlrqv duh phw/ zh vkrz wkdw wkh h!flhqw
phfkdqlvpv gr qrw uhvxow lq h{ dqwh h!flhqw lqirupdwlrq dftxlvlwlrq1 Zh
5

xvh h{ srvw htxloleulxp dv rxu vroxwlrq frqfhsw1 Dq dwwudfwlyh ihdwxuh ri wklv
frqfhsw iru sureohpv zlwk hqgrjhqrxvo| ghwhuplqhg lqirupdwlrq lv wkdw wkh
phfkdqlvpv gr qrw ghshqg rq wkh glvwulexwlrqv ri wkh vljqdov1 E| wkh uhy0
hqxh htxlydohqfh wkhruhp/ dq| doorfdwlrq uxoh wkdw fdq eh vxssruwhg lq dq
h{ srvw htxloleulxp uhvxowv lq wkh vdph h{shfwhg sd|rv wr doo ri wkh sod|huv
dv wkh YFJ phfkdqlvp1 Exw wkh ghqlqj fkdudfwhulvwlf ri wkh YFJ phfkd0
qlvp lv wkdw dq djhqw*v sd|r fkdqjhv rqo| zkhq wkh doorfdwlrq fkdqjhv gxh
wr klv dqqrxqfhphqw ri wkh vljqdo1 Dv d uhvxow/ wkh sd|rv fdqqrw uh hfw
wkh gluhfw lqirupdwlrqdo hhfwv rq rwkhu djhqwv/ dqg khqfh wkh sulydwh dqg
vrfldo lqfhqwlyhv zloo glhu lq jhqhudo1
Zh dovr lqyhvwljdwh wkh gluhfwlrq lq zklfk wkh lqfhqwlyhv wr dftxluh lq0
irupdwlrq duh glvwruwhg1 Zh uhvwulfw rxu dwwhqwlrq wr wkh fdvh zkhuh wkh
h!flhqw doorfdwlrq uxoh fdq eh lpsohphqwhg lq dq h{ srvw htxloleulxp dqg
ghulyh qhz qhfhvvdu| dqg vx!flhqw frqglwlrqv iru wkh h{ srvw lpsohphqwdelo0
lw|1 Lw wxuqv rxw wkdw xqghu rxu vx!flhqw frqglwlrqv iru lpsohphqwdelolw|/
wkh lqirupdwlrq dftxlvlwlrq sureohp dovr vdwlvhv wkh frqglwlrqv iru wkh ds0
sursuldwh pxowl0djhqw jhqhudol}dwlrq ri d prqrwrqh hqylurqphqw dv ghqhg
lq Nduolq ) Uxelq +4<89, dqg Ohkpdqq +4<;;,1 Dv d uhvxow/ zh fdq h{sdqg
wkh vfrsh ri rxu wkhru| eh|rqg vljqdo vwuxfwxuhv wkdw vdwlvi| Eodfnzhoo*v ru0
ghu ri lqirupdwlyhqhvv wr wkh pxfk odujhu fodvv ri vljqdov rughuhg dffruglqj
wr wkhlu hhfwlyhqhvv dv ghqhg lq Ohkpdqq +4<;;,1 Zh vkrz wkdw lq vhw0
wlqjv zlwk frq lfwlqj lqwhuhvwv rq wkh vwdwh ri wkh zruog frqglwlrqdo rq wkh
doorfdwlrq uxoh/ dq| h{ srvw h!flhqw phfkdqlvp uhvxowv lq h{fhvvlyh lqiru0
pdwlrq dftxlvlwlrq1 Zlwk frpprq lqwhuhvwv frqglwlrqdo rq wkh doorfdwlrq/
wkhuh lv wrr olwwoh lqyhvwphqw lq lqirupdwlrq dw wkh h{ dqwh vwdjh1
Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho lv odlg rxw lq wkh qh{w
vhfwlrq1 Vhfwlrq 6 suhvhqwv wkh fdvh ri d vlqjoh xqlw dxfwlrq dv dq h{dpsoh
ri wkh jhqhudo wkhru|1 Wkh dqdo|vlv ri wkh lqghshqghqw sulydwh ydoxhv fdvh lv
jlyhq lq vhfwlrq 71 Uhvxowv rq h!flhqw h{ srvw lpsohphqwdwlrq duh suhvhqwhg
lq vhfwlrq 81 Vhfwlrq 9 ghdov zlwk h{ dqwh h!flhqf| lq wkh frpprq ydoxhv
fdvh dqg vhfwlrq : frqfoxghv1
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Olwhudwxuh

Wklv sdshu lv uhodwhg wr wzr vwudqgv ri olwhudwxuh lq phfkdqlvp ghvljq1 Lw
h{whqgv wkh lghdv ri h!flhqw phfkdqlvp ghvljq slrqhhuhg e| Ylfnuh| +4<94,/
Fodunh +4<:4,/ dqg Juryhv +4<:6, lq dq hqylurqphqw zlwk {hg sulydwh lq0
irupdwlrq wr dq hqylurqphqw zlwk lqirupdwlrq dftxlvlwlrq1
Rxu uhvxowv rq h{0srvw h!flhqw phfkdqlvpv lq frpprq ydoxhv hqylurq0
phqwv frpsohphqw uhfhqw zrun e| Gdvjxswd ) Pdvnlq +4<<;, dqg Mhklho
) Progrydqx +4<<;,1 Gdvjxswd ) Pdvnlq +4<<;, vxjjhvw d jhqhudol}dwlrq
ri wkh YFJ phfkdqlvp wr rewdlq dq h!flhqw doorfdwlrq lq wkh frqwh{w ri
pxowl0xqlw dxfwlrqv zlwk frpprq ydoxhv1 Mhklho ) Progrydqx +4<<;, dqd0
o|}h wkh h!flhqw ghvljq lq d olqhdu vhwwlqj zlwk pxowlglphqvlrqdo vljqdov dqg
lqwhughshqghqw doorfdwlrqv1 Zh jlyh qhfhvvdu| frqglwlrqv dv zhoo dv zhdnhu
vx!flhqw frqglwlrqv iru wkh h!flhqw ghvljq lq d jhqhudo qrqolqhdu hqylurq0
phqw1 Wkh uhvxowv khuh duh ydolg iru jhqhudo doorfdwlrq sureohpv dqg qrw
rqo| iru vlqjoh ru pxowl0xqlw dxfwlrqv1
Wkh h{lvwlqj olwhudwxuh rq lqirupdwlrq dftxlvlwlrq lq phfkdqlvp ghvljq
lv uhvwulfwhg doprvw hqwluho| wr wkh vwxg| ri dxfwlrqv1 Iru wkh sulydwh ydoxh
prgho Kdxvfk ) Ol +4<<4, qg wkdw uvw dqg vhfrqg sulfh dxfwlrq jlyh wkh
vdph lqfhqwlyhv wr dftxluh lqirupdwlrq lq d v|pphwulf hqylurqphqw1 Wdq
+4<<5, frqvlghuv d surfxuhphqw prgho zkhuh upv lqyhvw lq U)G h{shqgl0
wxuh sulru wr wkh elgglqj vwdjh1 Wkh U)G lqyhvwphqw ohdgv wr d vwrfkdvwlf
frvw0uhgxfwlrq zklfk lv sulydwh lqirupdwlrq wr wkh elgghu1 Lq wkh v|pphwulf
htxloleulxp zlwk ghfuhdvlqj uhwxuqv wr vfdoh/ kh revhuyhv djdlq wkdw uhyhqxh
htxlydohqfh krogv ehwzhhq uvw dqg vhfrqg sulfh dxfwlrq1 Vwhjhpdq +4<<9,
vkrzv wkdw wkh vhfrqg sulfh dxfwlrq lqgxfhv h!flhqw lqirupdwlrq dftxlvlwlrq
lq wkh vlqjoh xqlw lqghshqghqw sulydwh ydoxhv fdvh1 Pdwwkhzv +4<::,/ +4<;7,
frqvlghu hqgrjhqrxv lqirupdwlrq dftxlvlwlrq lq d sxuh frpprq ydoxhv dxf0
wlrq dqg dqdo|}h wkh frqyhujhqfh ri wkh ydoxh ri wkh zlqqlqj elg frqyhujhv
wr wkh wuxh ydoxh ri wkh remhfw zkhq wkh qxpehu ri elgghuv lqfuhdvhv1 Kdxvfk
) Ol +4<<6, frqvlghu d frpprq ydoxhv prgho zlwk hqgrjhqrxv hqwu| dqg
lqirupdwlrq dftxlvlwlrq1 Shuvlfr +4<<<, frpsduhv wkh htxloleulxp lqfhqwlyhv
ri wkh elgghuv wr dftxluh lqirupdwlrq lq d uvw dqg vhfrqg sulfh dxfwlrqv
zlwklq d jhqhudo prgho ri d!oldwhg ydoxhv1
7
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Prgho
Sd|rv

Frqvlghu d vhwwlqj zlwk L djhqwv/ lqgh{hg e| l 5 L @ i4> ===> Lj1 Wkh djhqwv
kdyh wr pdnh d froohfwlyh fkrlfh { iurp d frpsdfw vhw [ ri srvvleoh dowhuqd0
wlyhv1 Xqfhuwdlqw| lv uhsuhvhqwhg e| d vhw ri srvvleoh vwdwhv ri wkh zruog1
Dq hohphqw $ 5 lv d yhfwru $ @ +$  > $ 3 , @ +$  > ==> $  > ==> $U ,/ zlwk=
$5

U

@  =
'

dqg lw lv dvvxphg wkdw hdfk  lv d qlwh vhw1 Wkh sulru glvwulexwlrq t +$, lv
frpprq nqrzohgjh dprqj wkh sod|huv1 Wkh pdujlqdo glvwulexwlrq ryhu $ 
lv ghqrwhg e| t +$  , dqg zh dvvxph wkdw wkh sulru glvwulexwlrq t +$, vdwlvhv
lqghshqghqfh dfurvv l/ ru=
\
t +$, @
t +$  , =


+Wkhuh lv vrph dexvh ri qrwdwlrq lq xvlqj wkh vdph v|pero t iru suredelolw|
glvwulexwlrqv ryhu glhuhqw vsdfhv/ exw wklv zloo ohdg wr qr frqixvlrq1, Zh
dvvxph wkdw djhqw l v suhihuhqfhv ghshqg rq wkh fkrlfh {/ wkh vwdwh ri wkh
zruog $> dqg d wudqvihu sd|phqw w lq d txdvlolqhdu pdqqhu=
x +{> $,  w =
Zh dovr dvvxph wkdw x lv frqwlqxrxv iru doo l1 Wkh phfkdqlvp ghvljqhu lv
ghqrwhg zlwk d vxevfulsw 3/ dqg khu xwlolw| lv dvvxphg wr wdnh wkh iroorzlqj
irup=
U
[
'

w . xf +{, =

Wkh prgho lv vdlg wr eh d sulydwh ydoxh prgho li iru doo $> $  =


$  @ $  , x +{> $, @ x {> $ 

+4,

Lq frqwudvw/ li frqglwlrq +4, lv ylrodwhg/ wkhq wkh prgho glvsod|v frpprq
ydoxhv1
8

515

Vljqdov dqg Srvwhulruv

Djhqw l fdq dftxluh dgglwlrqdo lqirupdwlrq e| uhfhlylqj d qrlv| vljqdo derxw
wkh wuxh vwdwh ri wkh zruog1 Ohw V eh d frpsdfw vhw ri srvvleoh vljqdo
uhdol}dwlrqv wkdw djhqw l pd| revhuyh1 Djhqw l dftxluhv lqirupdwlrq e|
fkrrvlqj d glvwulexwlrq iurp d idplo| ri mrlqw glvwulexwlrqv ryhu wkh vsdfh
V   =
iI k +v > $  ,jk M

+5,

sdudphwul}hg e|  5 D = Zh uhihu wr I k +v > $  , dv wkh vljqdo dqg v dv
wkh vljqdo uhdol}dwlrq1 Iru euhylw|/ zh pd| vrphwlphv gurs uhdol}dwlrq dqg
vlpso| uhihu wr v dv vljqdo dv zhoo1 Hdfk D lv dvvxphg wr eh d frpsdfw
lqwhuydo lq U= Zh hqgrz  +V   , zlwk wkh wrsrorj| ri zhdn frqyhujhqfh
dqg dvvxph wkdw I k +v > $  , lv frqwlqxrxv lq  lq wkdw wrsrorj|1 Wklv
hqvxuhv wkdw wkh pdujlqdo glvwulexwlrqv rq V duh frqwlqxrxv lq  dv zhoo1
Djhqw l dftxluhv lqirupdwlrq e| fkrrvlqj  = Hdfk {hg  fruuhvsrqgv
wr d vwdwlvwlfdo h{shulphqw/ dqg revhuylqj d vljqdo uhdol}dwlrq v 5 V ohdgv
djhqw l wr xsgdwh khu sulru eholhi rq $  dffruglqj wr Ed|hv* uxoh1 Wkh
uhvxowlqj srvwhulru eholhi/ s +$  mv , vxppdul}hv wkh lqirupdwlrq frqwdlqhg
lq wkh vljqdo uhdol}dwlrq v 1 Frqvlghuhg dv d idplo| ri glvwulexwlrqv rq 
sdudphwul}hg e| v > zh dvvxph wkdw s +$  mv , lv frqwlqxrxv lq v lq wkh
zhdn wrsrorj| rq  =4 Wkh frvw ri lqirupdwlrq dftxlvlwlrq lv fdswxuhg lq d
frvw ixqfwlrq f + , dqg f +, lv dvvxphg wr eh frqwlqxrxv lq  iru doo l1
Ohw I k +v m$  , ghqrwh wkh glvwulexwlrq rq vljqdov frqglwlrqdo rq vwdwh ri
wkh zruog $  = Srvwhulru eholhiv duh frqqhfwhg wr wkh sulru rq  wkurxjk wkh
odz ri lwhudwhg h{shfwdwlrq iru doo  =
[ ]


 
s $  mv gI k +v m$  , t +$  , =
t $ @
/  Ml 7

Lq pdq| lqvwdqfhv/ lw zloo eh frqyhqlhqw wr uhsuhvhqw dq h{shulphqw gl0
uhfwo| e| d mrlqw glvwulexwlrq ryhu $  dqg s Wkh vljqdo v lv wkhq vlpso|
htxdo wr wkh srvwhulru eholhi/ ru v @ s 1
4

Wkh frqwlqxlw| dqg frpsdfwqhvv dvvxpswlrqv pdgh deryh duh vx!flhqw wr jxdudqwhh
wkdw wkh fkrlfh vhw ri hdfk djhqw lv frpsdfw dqg wkdw wkh remhfwlyh ixqfwlrq lv frqwlqxrxv
lq wkh fkrlfh yduldeoh1

9
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H!flhqf|

Wkh h{0dqwh h!flhqw doorfdwlrq uhtxluhv hdfk lqglylgxdo djhqw l wr dftxluh
wkh h!flhqw dprxqw ri lqirupdwlrq dqg wkh doorfdwlrq { wr eh rswlpdo frqgl0
wlrqdo rq wkh srvwhulru eholhiv ri doo djhqwv1 Vlqfh wkh prgho kdv txdvlolqhdu
xwlolwlhv/ Sduhwr h!flhqf| lv htxlydohqw wr vxusoxv pd{lpl}dwlrq15 Wkh vrfldo
xwlolw| lv ghqhg e|
x +{> $, ]

U
[
'f

x +{> $, =

Wkh h{0srvw h!flhqw doorfdwlrq { +s, ] { +s +$,, pd{lpl}hv wkh h{shfwhg
vrfldo vxusoxv frqglwlrqdo rq wkh srvwhulru eholhi s +$,=
x +{> s, ]

[
/Ml

x +{> $, s +$, =

+6,

Jlyhq wkh dvvxpswlrqv pdgh lq wkh suhylrxv vxevhfwlrq/ lw lv fohdu wkdw d
pd{lpl}hu h{lvwv iru doo s=
Ghqrwh wkh h{shfwhg vrfldo ydoxh zlwk srvwhulru eholhi s +$, e| x +{ +s, > s,1
Vlploduo|/ ghqrwh e| s3 +$, wkh lqirupdwlrq khog e| doo djhqwv exw l/ zlwk
s3 +$, @ +s +$  , > ===> t +$  , > ===> s +$ U ,,/ dqg ohw {3 +s3 , eh wkh doorfdwlrq
wkdw pd{lpl}hv wkh h{shfwhg vrfldo ydoxh ri doo djhqwv h{foxglqj l=
{3 +s3 , 5 duj pd{
%Mf

[
/ Ml

x3 +{> $, s3 +$, /

+7,

zlwk
x3 +{> $, ]

[
 '

x +{> $, 1

+8,

Lq wklv frqwh{w/ qrwlfh wkdw lq wkh sulydwh ydoxh hqylurqphqw/ {3 +s, @
{3 +s3 , dv {3 +s3 , lv lqghshqghqw ri t +$  ,1 Ohw I k +s, eh wkh glvwulexwlrq
lqgxfhg rq srvwhulruv e| wkh yhfwru ri h{shulphqwv/ zkhuh  @ + > ===> U ,
5

Uhfdoo wkdw wkh phfkdqlvp ghvljqhu froohfwv doo wkh sd|phqwv dqg uhfhlyhv xwlolw| iurp
wkhp1

:

S
dqg ohw f +, @
 f + ,1 Dq h{0dqwh h!flhqw doorfdwlrq lv d yhfwru ri
W
h{shulphqwv/  / dqg dq h{0srvw h!flhqw doorfdwlrq { +s, vxfk wkdw W vroyhv
]
pd{ x +{ +s, > s, gI k +s,  f+,1
+9,
kM

Revhuyh wkdw vlqfh zh kdyh xvhg wkh srvwhulru suredelolwlhv dv dujxphqwv lq
wkh fkrlfh uxoh/ wkh rswlpdo doorfdwlrq { +s, grhv qrw ghshqg rq 1 Djdlq/
jlyhq wkh frqwlqxlw| dqg frpsdfwqhvv dvvxpswlrqv pdgh lq wkh suhylrxv
vxevhfwlrq/ d vroxwlrq lv jxdudqwhhg wr h{lvw1

6

Lqirupdwlrq dftxlvlwlrq lq dq dxfwlrq

Lq wklv vhfwlrq/ zh suhvhqw dq h{dpsoh ri d vlqjoh xqlw dxfwlrq zlwk wzr
elgghuv1 Lw lv phdqw wr lqwurgxfh wkh edvlf dujxphqwv iru wkh sulydwh dqg
frpprq ydoxhv uhvxowv dqg wr lqglfdwh krz wr h{whqg wkh orjlf ri wkh du0
jxphqwv wr dq| qxpehu ri djhqwv dqg doorfdwlrqv1 D vlplodu h{dpsoh lv
glvfxvvhg lq Pdvnlq +4<<5, zlwk d vljqdo vsdfh exw zlwkrxw dq xqghuo|lqj
vwdwh vsdfh1
Zh ehjlq zlwk d sulydwh ydoxhv prgho1 Wkh vhw ri doorfdwlrqv lv wkh vhw ri
srvvleoh dvvljqphqwv ri wkh remhfw wr elgghuv/ ru { @ ilj dqg l 5 i4> 5j1 Wkh
ydoxh ri wkh remhfw iru elgghu l lv x +{ > $, @ x +$, @ 5$  dqg x +{ > $, @ 3
iru l 9@ m1 Wkh vljqdo ri djhqw l lv vlpso| klv srvwhulru eholhi s @ Su +$  @ 4,
dqg klv h{shfwhg xwlolw| lv x +s, @ 5s 1 Wkh gluhfw YFJ phfkdqlvp lq wklv
vhwwlqj lv wkh vhfrqg sulfh dxfwlrq zkhuh elgghu l sd|v wkh uhsruwhg ydoxdwlrq
ri elgghu m frqglwlrqdo rq rewdlqlqj wkh remhfw1 H{ srvw h!flhqf| glfwdwhv
wkdw l vkrxog jhw wkh remhfw li x +s,  x +s,/ zklfk rffxuv zkhqhyhu s  s 1
Lw iroorzv wkdw wkh htxloleulxp xwlolw| ri elgghu l/ frqglwlrqdo rq rewdlqlqj
wkh remhfw/ lv x +s,  x +s, zklfk lv dovr htxdo wr klv pdujlqdo frqwulexwlrq=
x +s,  x3 +s3 ,1 Iru dq duelwudu| {hg uhdol}dwlrq s @ sa/ wkh ydoxdwlrqv
e| l dqg m duh ghslfwhg lq Ilj1 4d1 Wkh pdujlqdo frqwulexwlrq ri elgghu
l/ ghqrwhg e| PF +s, kdv wkh vdph vorsh dv x +s, iru s  s @ sa dqg lv
glvsod|hg lq Ilj1 4e1
^Lqvhuw Iljxuh 4 khuh`
;

Frqvlghu qh{w lqirupdwlrq dftxlvlwlrq zlwklq wklv dxfwlrq1 Zlwklq d
elqdu| vwdwh vwuxfwxuh d vljqdo lv pruh lqirupdwlyh li wkh srvwhulruv duh pruh
frqfhqwudwhg durxqg 3 dqg 41 Durxqg sa/ d orfdo lqfuhdvh lq lqirupdwlyhqhvv
fdq eh uhsuhvhqwhg dv d udqgrpl}dwlrq +zlwk htxdo suredelolw|, ryhu sa  %
dqg sa . % iru vrph % A 31 Wkh frqyh{lw| ri wkh pdujlqdo frqwulexwlrq +vhh
Ilj1 4e,/ lpsolhv wkdw lqirupdwlrq kdv srvlwlyh ydoxh1 Pruh lpsruwdqwo|/ wkh
sulydwh pdujlqdo ydoxh ri vljqdo s frlqflghv zlwk wkh vrfldo pdujlqdo ydoxh1
Dv d uhvxow hdfk djhqw zloo dftxluh wkh vrfldoo| h!flhqw ohyho ri lqirupdwlrq1
Wkh orjlf ri wklv dujxphqw h{whqgv wr doo sulydwh ydoxh sureohpv dv wkh xwlolw|
x3 +{> s, ri doo djhqwv exw l lv frqvwdqw lq s 1
Wr h{whqg wkh h{dpsoh wr d frpprq ydoxhv hqylurqphqw/ uhghqh x +$, @
5$  . $  1 Wkh h{shfwhg ydoxdwlrq lv wkhq x +s, @ 5s . s dqg xqghu dq
h!flhqw doorfdwlrq l jhwv wkh remhfw zkhq s  s 1 Iru d jlyhq s @ sa/
wkh xwlolwlhv duh glvsod|hg dv ixqfwlrqv ri s lq Ilj1 5d1 Wkh ydoxdwlrq ri
elgghu m qrz ydulhv zlwk s / hyhq wkrxjk lw lv ohvv uhvsrqvlyh wr s wkdq
wkh ydoxdwlrq ri l1 Wkh ydoxdwlrqv wkhuhiruh vdwlvi| d idploldu vlqjoh0furvvlqj
frqglwlrq1 Krzhyhu/ dv wkh ydoxdwlrq ri elgghu m ydulhv zlwk s / wkh ruljlqdo
YFJ phfkdqlvp grhv qrw lqgxfh wuxwk whoolqj dq|pruh1 Iru li zh zhuh wr
dsso| wkh phfkdqlvp/ wkh htxloleulxp xwlolw| ri djhqw l zrxog eh
x +s,  x +s, >
exw iru dq| s A sa/ elgghu l frxog orzhu klv uhsruw wr s  %/ vwloo jhw wkh
remhfw/ exw uhfhlyh
x +s,  x +s  %> sa,
zklfk zrxog lqfuhdvh klv xwlolw|1 Wkh deryh dujxphqw uhpdlqv ydolg xqwlo
s @ sa/ zkhuh d orzhu uhsruw zrxog lqgxfh dq xqghvludeoh fkdqjh lq wkh
s> sa,/ lqfhqwlyh frpsdwlelolw|
doorfdwlrq1 Wkxv e| dvnlqj elgghu l wr sd| x +a
s> sa, ru
lv suhvhuyhg1 Wkh htxloleulxp xwlolw| ri djhqw l lv wkhq x +s,  x +a
s> sa,1 Wklv glhuv iurp wkh pdujlqdo frqwulexwlrq x +s,x +s > t ,
x +s,x +a
lqvridu dv wkh xwlolw| ri djhqw m lv hydoxdwhg dw wkh slyrwdo srlqw sa/ udwkhu
s> sa,
wkdq wkh sulru suredelolw|1 Iru wklv uhdvrq/ zh vkdoo uhihu wr x +s,  x +a
dv wkh slyrwdo frqwulexwlrq ri djhqw l/ ru S F +s,1 Wkh glvfuhsdqf| ehwzhhq
pdujlqdo dqg slyrwdo frqwulexwlrq lv ghslfwhg lq Ilj1 5e1
<

^Lqvhuw Iljxuh 5 khuh`
Wkh glyhujhqfh kdv lpphgldwh lpsolfdwlrqv iru wkh ghflvlrq ri elgghu
l wr dftxluh lqirupdwlrq1 Dv ehiruh/ pruh lqirupdwlrq fdq eh uhsuhvhqwhg
orfdoo| dv d udqgrpl}dwlrq ryhu srvwhulruv durxqg sa1 Wkh frqwudvw ehwzhhq
slyrwdo dqg pdujlqdo frqwulexwlrq vxjjhvwv wkdw lq htxloleulxp elgghu l zloo
kdyh h{fhvvlyh lqfhqwlyhv wr dftxluh lqirupdwlrq uhodwlyh wr wkh vrfldoo| rs0
wlpdo ohyho1 Pruh irupdoo|/ zh revhuyh wkdw S F +s,  P F +s, zkhqhyhu
Cx +s, @Cs  31 Lq zrugv/ zkhqhyhu jrrg qhzv iru djhqw l lv dovr jrrg
qhzv iru djhqw m/ zh revhuyh wrr pxfk lqirupdwlrq dftxlvlwlrq e| elgghu l1
Vwdwhg lq wkhvh whupv/ wkh uhvxow pd| vrxqg frxqwhulqwxlwlyh1 Wr vhh zk| lw
pxvw eh wuxh/ qrwh wkdw lq htxloleulxp/ wkh remhfw lv dvvljqhg wr wkh elgghu
zlwk wkh kljkhu ydoxdwlrq1 Lqfhqwlyh frpsdwlelolw| uhtxluhv elgghu l wr sd|
ohvv wkdq wkh wuxh ydoxh ri wkh remhfw iru elgghu m1 Wkxv wkh htxloleulxp
xwlolw| ri djhqw l ryhuhvwlpdwhv wkh frqwulexwlrq ri elgghu l/ dv wkh ydoxdwlrq
ri elgghu m lv dovr lqfuhdvlqj lq s 1
Zlwk d vlqjoh xqlw dxfwlrq dqg wzr elgghuv/ wkh dqdo|vlv fdq eh pdgh
h{foxvlyho| lq whupv ri wkh ydoxdwlrq ri wkh remhfw1 Wklv udlvhv wkh txhvwlrq
zkhwkhu vlploduo| lqwxlwlyh frqglwlrqv iru wkh qdwxuh ri wkh lqh!flhqf| fdq
eh jlyhq iru duelwudu| vhwv ri djhqwv dqg doorfdwlrqv1 Wkh vlqjoh furvvlqj
frqglwlrq dw sa/ qhfhvvdu| iru wuxwk whoolqj/ lpsolhv wkdw wkh h!flhqw dvvljq0
phqw fdq fkdqjh rqo| rqfh/ dqg lq sduwlfxodu iurp m wr l dv s lv lqfuhdvhg1
Pruh jhqhudoo|/ iru d jlyhq s3 / wkh vhw ri h!flhqw doorfdwlrqv pxvw shuplw
d prqrwrqh rughulqj dv d ixqfwlrq ri s 1 Wuxwk whoolqj e| elgghu l uhtxluhv
+orfdoo|, wkdw
Cx +s,
Cx +{ > s, Cx +{ > s,
3/

3
Cs
Cs
Cs
ru vxshuprgxodulw| ri x +{> s, lq +{> s , xqghu wkh rughulqj { " { 1 Wkh
frqglwlrq iru xqghu0 ru ryhudftxlvlwlrq ri lqirupdwlrq e| elgghu l/ zdv uh0
odwhg wr wkh uhvsrqvlyhqhvv ri x +s, wr s 1 Uhvwdwlqj wkh frqglwlrqv zlwk wkh
doorfdwlrqv zh kdyh
Cx +{ > s, Cx +{ > s,
Cx +s,
3/

 3>
Cs
Cs
Cs
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ru pruh jhqhudoo| iru q doorfdwlrqv dqg L djhqwv/ zlwk {&n " {& =
Cx3 +{&n > s, Cx3 +{& > s,

3
Cs
Cs
Wkxv dq doprvw qhfhvvdu| frqglwlrq iru h!flhqw lpsohphqwdwlrq lv wkdw
x +{> s, eh vxshuprgxodu lq +{> s ,1 Li x3 +{> s, lv dovr vxshuprgxodu lq
+{> s ,/ wkhq zh h{shfw ohvv wkdq h!flhqw/ dqg li x3 +{> s, lv vxeprgxodu
lq +{> s ,/ wkhq zh h{shfw pruh wkdq h!flhqw dftxlvlwlrq ri lqirupdwlrq1 Lq
zrugv/ li wkh xwlolw| glhuhqwldo ehwzhhq {&n dqg {& uhvsrqgv wr dq lqfuhdvh
lq s lq wkh vdph gluhfwlrq iru l dqg l/ djhqw l zloo dftxluh lqvx!flhqw lqiru0
pdwlrq/ exw li wkh glhuhqwldov uhvsrqg lq rssrvlwh gluhfwlrqv wkhq l dftxluhv
wrr pxfk lqirupdwlrq1 Zlwk frqjuxhqfh lq wkh pdujlqdo xwlolwlhv/ djhqw l kdv
ohvv wkdq vrfldoo| h!flhqw lqfhqwlyhv wr pdnh klv fdvh/ zkhuhdv glyhujhqfh
lq wkh pdujlqdo xwlolwlhv ohdgv klp wr jdwkhu pruh wkdq vrfldoo| rswlpdo
hylghqfh1
Ilqdoo| qrwlfh wkdw lq wkh sulydwh ydoxh hqylurqphqw/
Cx3 +{&n > s, Cx3 +{& > s,

@ 3> ;n> ;s1
Cs
Cs

7

Sulydwh Ydoxhv

Wklv vhfwlrq frqvlghuv lqirupdwlrq dftxlvlwlrq lq wkh frqwh{w ri lqghshq0
ghqw sulydwh ydoxhv1 Iru wklv hqylurqphqw Ylfnuh| +4<94,/ Fodunh +4<:4,
dqg Juryhv +4<:6, vkrzhg lq lqfuhdvlqj jhqhudolw| wkdw wkh h{0srvw h!flhqw
doorfdwlrq fdq eh lpsohphqwhg lq d gluhfw uhyhodwlrq phfkdqlvp1
Ghqlwlrq 4 D gluhfw uhyhodwlrq phfkdqlvp lv ghqhg dv sdlu +{> w,/ zkhuh
{ lv dq rxwfrph ixqfwlrq { = V $ [ dqg w = V $ UU lv d wudqvihu vfkhph1
Wkh lpsohphqwdwlrq uhtxluhv rqo| grplqdqw vwudwhjlhv li wkh wudqvihu
ixqfwlrq kdv wkh iroorzlqj irup iru doo l 5 L=
w +s, @ k +s3 , 

[
 '
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x +{ +s, > s ,

+:,

zkhuh k +s3 , lv dq duelwudu| ixqfwlrq ri s3 1 D vshfldo irup ri wkh ixqfwlrq
k +s3 , jlyhv wkh slyrwdo phfkdqlvp=
[
k +s3 , @
x +{3 +s3 , > s , =
 '

Wkh wudqvihu ixqfwlrq w +s, fdq wkhq eh zulwwhq/ xvlqj wkh qrwdwlrq lqwur0
gxfhg lq +8, dv=
w +s, @ x3 +{3 +s3 , > s3 ,  x3 +{ +s, > s, =

+;,

Wkh slyrwdo phfkdqlvp wkxv uhtxluhv d srvlwlyh wudqvihu iurp djhqw l zkhq0
hyhu wkh dqqrxqfhphqw ri klv srvwhulru eholhi fkdqjhv wkh doorfdwlrq uhodwlyh
wr zkdw zrxog eh h{0srvw h!flhqw li l zhuh qrw suhvhqw1 Lq frqvhtxhqfh/ wkh
qhw xwlolw| ri hyhu| djhqw l lq wkh slyrwdo phfkdqlvp lv jlyhq e|=
x +{ +s, > s,  x3 +{3 +s3 , > s3 , >
zklfk lv wkh frqwulexwlrq ri djhqw l wr wkh vrfldo vxusoxv ri wkh djhqwv Lql1
Ghqlwlrq 5 Wkh pdujlqdo frqwulexwlrq ri djhqw l lv ghqhg dv=
PF +s, ] x +{ +s, > s,  x3 +{3 +s3 , > s3 ,
Zh uhihu wr wkh phfkdqlvp zklfk lpsohphqwv wkh h!flhqw doorfdwlrq
wkurxjk wkh wudqvihu ixqfwlrq ghvfulehg lq +;, dv wkh Ylfnuh|0Fodun0Juryhv
+YFJ, phfkdqlvp1 Wkh pdujlqdo frqwulexwlrq surshuw| vxjjhvw wkdw wkh
sulydwh dqg vrfldo uhwxuqv wr lqirupdwlrq dftxlvlwlrq vkrxog eh htxdol}hg lq
d YFJ phfkdqlvp1
Ghqlwlrq 6 D yhfwru ri h{shulphqwv/ / lv d orfdo vrfldo rswlpxp li iru
hyhu| l dqg 3 >  pd{lpl}hv
]
x +{ +s, > s, gI Ek ck   +s,  f+ > 3 ,=
3



Qrwlfh wkdw orfdo uhihuv khuh wr wkh surshuw| wkdw  vroyhv wkh pd{l0
pl}dwlrq sureohp iru hdfk djhqw vhsdudwho|/ exw qrw qhfhvvdulo| wkh mrlqw
pd{lpl}dwlrq sureohp zkhq wkh h{shulphqwdwlrq ohyhov ri doo djhqwv duh
fkdqjhg vlpxowdqhrxvo|1
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Wkhruhp 4 +Sulydwh Ydoxhv, Zlwk lqghshqghqw sulydwh ydoxhv/ hyhu| or0
fdo vrfldo rswlpxp fdq eh dfklhyhg e| wkh YFJ1
Surri1 Vhh dsshqgl{1
Dq lpphgldwh frqvhtxhqfh ri Wkhruhp 4 lv
Fruroodu| 4 Wkh h{0dqwh h!flhqw doorfdwlrq fdq eh lpsohphqwhg e| wkh
YFJ phfkdqlvp1
Surri1 Vhh dsshqgl{1
Wkh YFJ phfkdqlvp pd| qrw vwurqjo| lpsohphqw wkh h{0dqwh h!flhqw
doorfdwlrq/ exw dq| h{0dqwh doorfdwlrq zklfk lv d orfdo pd{lpxp lq wkh lq0
irupdwlrq dftxlvlwlrq vwdjh16 Lw iroorzv wkdw wkh YFJ phfkdqlvp xqltxho|
lpsohphqwv wkh h{0dqwh h!flhqw doorfdwlrq li wkhuh lv d xqltxh orfdo dqg
khqfh joredo rswlpxp lq wkh lqirupdwlrq dftxlvlwlrq vwdjh1
Wkh h!flhqf| uhvxow fdq dovr eh jhqhudol}hg wr hqylurqphqwv zkhuh hdfk
djhqw fdq lqyhvw h{ dqwh lq whfkqrorjlhv wkdw lqfuhdvh wkhlu sulydwh sd|rv1
Djdlq/ lw lv wkh pdujlqdo frqwulexwlrq fkdudfwhul}dwlrq ri wkh YFJ phfkd0
qlvp zklfk shuplwv h{0dqwh h!flhqf|1 Wkh h!flhqf| uhvxow ghulyhg iru wkh
YFJ phfkdqlvp fdq lq idfw eh h{whqghg wr dq| h{0srvw h!flhqw phfkdqlvp
e| wkh uhyhqxh htxlydohqfh wkhruhp1 Uhfdoo wkdw iru hyhu| h{0srvw h!flhqw
phfkdqlvp zlwk dvvrfldwhg wudqvihuv w +s,/ wkhuh h{lvwv d vhw ri frqvwdqwv
in jMP vxfk wkdw/ ;l> ;s/ zh kdyh


H w +s, ms @ H ^w +s, ms ` . n
zkhuh w +s, lv wkh wudqvihu dvvrfldwhg zlwk YFJ phfkdqlvp1 Vlqfh wkh
frqvwdqw n lv lqghshqghqw ri s / wkh lqfhqwlyhv ri hdfk djhqw wr dftxluh
lqirupdwlrq duh qrw glvwruwhg e| w +s,1
Fruroodu| 5 Wkh h{0dqwh h!flhqw doorfdwlrq fdq eh lpsohphqwhg e| hyhu|
h{0srvw h!flhqw phfkdqlvp1
6

Wdq +4<<5, pdnhv d vlplodu revhuydwlrq lq wkh frqwh{w ri h{0dqwh U)G lqyhvwphqwv lq
surfxuhphqw dxfwlrqv1
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Lq wkh fxuuhqw prgho/ lqirupdwlrq lv dftxluhg e| doo djhqwv vlpxowdqh0
rxvo|1 Krzhyhu/ lw lv zhoo nqrzq lq vwdwlvwlfdo ghflvlrq wkhru| wkdw d vh0
txhqwldo ghflvlrq surfhgxuh pd| grplqdwh dq| vlpxowdqhrxv surfhgxuh dv
lw hfrqrpl}hv rq wkh frvw ri lqirupdwlrq dftxlvlwlrq1 Wklv revhuydwlrq lv
ydolg lq wkh fxuuhqw prgho dv zhoo1 Lq wkh iroorzlqj zh wkhuhiruh vnhwfk d
phfkdqlvp wkdw lpsohphqwv wkh h!flhqw vhtxhqwldo surfhgxuh17
Vxssrvh iru vlpsolflw| wkdw hdfk djhqw kdv dffhvv wr qlwho| pdq| frvwo|
vwdwlvwlfdo h{shulphqwv dqg wkhuh lv qr glvfrxqwlqj1 Wkh h!flhqw sdwk ri
lqirupdwlrq dftxlvlwlrq zlwk shuihfw revhuydelolw| ri wkh vljqdov fdq wkhq eh
vroyhg dv d qlwh wlph g|qdplf surjudpplqj sureohp1 Wkh vroxwlrq kdv wkh
surshuw| wkdw dw prvw rqh djhqw hqjdjhv lq dq h{shulphqw dw dq| qrgh1 Wkh
qrghv wkdw duh qrw iroorzhg e| dq| ixuwkhu lqirupdwlrq dftxlvlwlrq vwhsv
duh fdoohg whuplqdo qrghv1 Dw hdfk whuplqdo qrgh/ wkh h!flhqw doorfdwlrq
frqglwlrqdo rq wkh lqirupdwlrq dorqj wkh vdpsoh sdwk lv vhohfwhg1 Wklv jlyhv
dq dvvljqphqw ri sd|rv wr doo sduwlflsdqwv dw doo whuplqdo qrghv1
Frqvlghu qh{w wkh fdvh zkhuh wkh phfkdqlvp ghvljqhu pxvw holflw wkh lq0
irupdwlrq dftxluhg e| wkh djhqwv lq dq lqfhqwlyh frpsdwleoh pdqqhu1 Fohduo|/
wklv fdoov iru d phfkdqlvp wkdw pdnhv hdfk djhqw dffrxqwdeoh iru wkh ixwxuh
lqirupdwlrq frvwv lqfxuuhg e| rwkhu djhqwv ghshqglqj rq wkh dqqrxqfhg
vljqdo1 Zh fodlp wkdw wkh iroorzlqj jdph irup uhvxowv lq rswlpdo h{shul0
phqwdwlrq dqg doorfdwlrq uxoh1 Wkh phfkdqlvp ghvljqhu dvnv wkh djhqwv wr
shuirup wkh h{shulphqwv dqg uhsruw wkh rxwfrphv iurp wkh h{shulphqwv lq
wkh vrfldoo| rswlpdo vhtxhqfh xqghu wkh dvvxpswlrq ri wuxwkixo uhyhodwlrq1
Li dq| rwkhu lqirupdwlrq +h1j1 uhvxowv iurp h{shulphqwv wkdw zhuh qrw vxs0
srvhg wr eh shuiruphg, lv uhsruwhg lq dq| vwdjh/ vx!flhqwo| odujh qhjdwlyh
wudqvihuv duh lpsrvhg1 Dw hyhu| whuplqdo qrgh/ wkh doorfdwlrq dqg wudqvihu
sd|phqwv duh ghflghg dffruglqj wr wkh prglhg YFJ phfkdqlvp ghvfulehg
ehorz1
Frqvlghu wkh lqfhqwlyhv ri dq djhqw dw d shqxowlpdwh qrgh1 Li doo rwkhu
djhqwv uhsruwhg wkhlu vljqdov wuxwkixoo| dqg wkh doorfdwlrqv dqg wudqvihuv duh
ghwhuplqhg e| wkh YFJ phfkdqlvp/ wkhq dw hyhu| shqxowlpdwh qrgh/ wkh
7

D irupdo dujxphqw zrxog uhtxluh d vxevwdqwldo dprxqw ri h{wud qrwdwlrq dqg lv wkhuh0
iruh rplwwhg1
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djhqw wr pryh zloo fkrrvh rswlpdoo| dqg uhsruw wuxwkixoo|1 Wkh ghflvlrq dw
wkh shqxowlpdwh qrgh lv d vshfldo fdvh ri wkh vlwxdwlrq lq Wkhruhp 4 zkhuh
wkh vljqdov ri doo exw rqh djhqw duh ghjhqhudwh1 Khqfh e| Fruroodu| 4/ wkh
h!flhqw lqirupdwlrq dftxlvlwlrq lv lpsohphqwhg e| wklv phfkdqlvp1
Xvlqj d edfnzdugv lqgxfwlrq dujxphqw/ zh uhsodfh wkh shqxowlpdwh gh0
flvlrq qrghv zlwk wkh sd|r yhfwruv +qhw ri wkh frvw ri wkh h{shulphqw,
uhvxowlqj iurp wkh rswlpdo dfwlrqv frqglwlrqdo rq wkh rxwfrph lq wkh h{shu0
lphqw/ dqg khqfh wudqvirup hdfk shqxowlpdwh qrgh lqwr d whuplqdo qrgh1
Wklv jlyhv ulvh wr d qhz vhw ri shqxowlpdwh qrghv/ dqg wkh suhylrxv vwhs lq
wkh dqdo|vlv pd| eh uhshdwhg xqwlo wkh lqlwldo qrgh lv uhdfkhg1 E| uhshdw0
lqj wkhvh vwhsv/ zh hhfwlyho| lqfoxgh wkh vrfldo frvwv ri wkh h{shulphqwv lq
wkh qdo sd|rv1 Lqwxlwlyho|/ e| uhsodflqj wkh shqxowlpdwh qrghv zlwk wkh
frqwlqxdwlrq ydoxhv/ wkh uhohydqw sd|rv ehfrph wkh vrfldo ydoxhv qhw ri wkh
frvwv ri lqirupdwlrq dqg dv d uhvxow/ wkh h{shulphqwdwlrq frvwv ri djhqwv
prylqj odwhu duh lqwhuqdol}hg e| wkrvh pdnlqj wkh hduolhu uhsruwv1 D qdo
dqg lpsruwdqw frqvhtxhqfh ri wkh uhfxuvlyh surfhgxuh lv wkdw wkh vhtxhqwldo
phfkdqlvp lpsohphqwv wkh h!flhqw doorfdwlrq vwurqjo| dv hyhu| djhqw dfwv
dw hyhu| qrgh dv li vkh zhuh pd{lpl}lqj wkh vrfldo ydoxh ixqfwlrq1
Wkh hvvhqwldo surshuw| zklfk doorzv xv wr suryh h{0dqwh h!flhqf| zlwk
lqghshqghqw sulydwh ydoxhv lv wkh uhvwulfwlrq wkdw rqo| djhqw l fdq +h!0
flhqwo|, lqyhvw lq lqirupdwlrq derxw klv rzq xwlolw| dvvrfldwhg zlwk ydulrxv
doorfdwlrqv1 Wkh orjlfdo qh{w vwhs lv wkhuhiruh wr dvn zkhwkhu h!flhqf| fdq
eh pdlqwdlqhg lq hqylurqphqwv zkhuh wkh lqirupdwlrq ri djhqw l lv uhohydqw
wr wkh xwlolw| fdofxoxv ri djhqw m1 Zh sxuvxh wklv txhvwlrq lq wkh frqwh{w
ri wkh lqghshqghqw frpprq ydoxh prgho lqyhvwljdwhg uhfhqwo| e| Gdvjxswd
) Pdvnlq +4<<;, dqg Mhklho ) Progrydqx +4<<;,1 Ehiruh zh dqdo|}h wkh
lqirupdwlrq dftxlvlwlrq shu vh/ zh jlyh d frpsohwh fkdudfwhul}dwlrq ri wkh
h{0srvw h!flhqw doorfdwlrq dqg dvvrfldwhg htxloleulxp xwlolwlhv iru hdfk djhqw
lq wkh iroorzlqj vhfwlrq1
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8

Frpprq Ydoxhv= H{ Srvw H!flhqf|

Wklv vhfwlrq uholhv hvvhqwldoo| rq uhfhqw zrun e| Pdvnlq +4<<5, dqg Gdv0
jxswd ) Pdvnlq +4<<;, lq zklfk d jhqhudol}dwlrq ri wkh YFJ phfkdqlvp wr
dq hqylurqphqw zlwk frpprq ydoxhv lv vxjjhvwhg1 Pruh suhflvho|/ wkh| vkrz
wkdw xqghu fhuwdlq frqglwlrqv/ d phfkdqlvp zklfk vkduhv wkh pdlq ihdwxuhv
zlwk wkh YFJ phfkdqlvp lpsohphqwv wkh h!flhqw doorfdwlrq1 Wkh frpprq
ihdwxuhv lq rxu dssurdfk dqg wkhluv duh= +l, wkh lpsohphqwdwlrq lv lqghshq0
ghqw ri wkh glvwulexwlrq ri wkh vljqdov/ +ll, frqglwlrqdo rq wkh doorfdwlrq/ wkh
wudqvihu sd|phqw ri djhqw l lv lqghshqghqw ri wkh uhsruw ri djhqw l/ dqg +lll,
wkh wudqvihu sd|phqw ri djhqw l ydulhv zlwk wkh uhsruwv ri doo rwkhu djhqwv
dqg fdq eh lqwhusuhwhg dv dq h{whuqdolw| sd|phqw1 Wkh h!flhqf| uhvxow
lv rewdlqhg e| lpsrvlqj wzr frqglwlrqv rq wkh vljqdo hdfk djhqw uhfhlyhv=
+l, wkh vljqdo lv rqh0glphqvlrqdo dqg +ll, lw vdwlvhv d Vshqfh0Pluuohhv vruw0
lqj frqglwlrq18 Zh dgdsw wkhlu prgho wr rxu hqylurqphqw zlwk xqfhuwdlqw|
derxw wkh wuxh vwdwh lq Vxevhfwlrq 814/ zkhuh zh suhvhqw qhfhvvdu| dqg vxi0
flhqw frqglwlrqv iru h!flhqw lpsohphqwdwlrq zlwk d gluhfw uhyhodwlrq phfk0
dqlvp1 Vlplodu uhvxowv duh eulh | vwdwhg iru d frqwlqxrxv doorfdwlrq vsdfh lq
Vxevhfwlrq 8151 Wkhvh uhvxowv doorz xv wr vkrz wkdw wkh prglhg phfkdqlvp
fkdqjhv wkh YFJ phfkdqlvp iru sulydwh ydoxhv lq wkh iroorzlqj dvshfw1 Hdfk
djhqw grhv qrw uhfhlyh klv pdujlqdo frqwulexwlrq dq|pruh/ exw udwkhu zkdw
zh fdoo klv slyrwdo frqwulexwlrq1 Wkh slyrwdo frqwulexwlrq glhuv iurp wkh
pdujlqdo frqwulexwlrq lq d v|vwhpdwlf pdqqhu dqg zh xvh wklv uhodwlrqvkls
vxevhtxhqwo| wr vkrz zk| dqg krz h{0dqwh h!flhqf| qhfhvvdulo| idlov wr krog
zlwk frpprq ydoxhv1

814

Ilqlwh Doorfdwlrq Vsdfh

Zh vwduw e| frqvlghulqj d vhw ri qlwho| pdq| doorfdwlrqv= [ @ {f > { > ===> { 1
Wkh h{shfwhg xwlolw| ri djhqw l ri dq duelwudu| doorfdwlrq {? zlwk vljqdo v lv
8

Gdvjxswd ) Pdvnlq +4<<;, dfwxdoo| dfklhyh lpsohphqwdwlrq wkurxjk dq lqgluhfw phfk0
dqlvp lq zklfk wkh elgghuv uhsruw wkhlu ydoxdwlrqv frqwlqjhqw rq wkh uhsruwv e| wkh rwkhu
elgghuv/ exw qrw gluhfwo| wkhlu vljqdov1 Mhklho ) Progrydqx +4<<;, suhvhqw vx!flhqw frq0
glwlrqv lq d olqhdu prgho zlwk d gluhfw uhyhodwlrq phfkdqlvp1
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jlyhq e|=
x +{? > v, @

[
/ Ml

x +{? > $, s +$ mv, >

ru/ diwhu xvlqj lqghshqghqfh=
x +{? > v, @

[
/Ml

x +{? > $,

\
MP

s +$ mv , =

Wkh srvwhulru eholhi s +$  mv , lv dq hohphqw ri wkh vlpsoh{ jhqhudwhg e| wkh
vwdwh vsdfh  1 Wkh srvwhulru eholhi lv wkxv d pxowl0glphqvlrqdo remhfw/ dqg
lwv glphqvlrq lv wkh fduglqdolw| ri  plqxv 41 Li zh wdnh wkh vljqdo uhdol}dwlrq
wr eh gluhfwo| wkh srvwhulru eholhi/ wkhq wkh vljqdo lv pxowlglphqvlrqdo dqg e|
wkh uhvxowv ri Mhklho ) Progrydqx +4<<;,/ dq h!flhqw h{0srvw lpsohphqwdwlrq
grhv qrw h{lvw lq jhqhudo1 Zh wkhuhiruh uhvwulfw rxu dwwhqwlrq wr dq duelwudu|
fodvv ri rqh0glphqvlrqdo vljqdov V @ ^v > v `  U zlwk wkh uhvxow wkdw wkh
dvvrfldwhg srvwhulru eholhiv s +$  mv , irup d rqh0glphqvlrqdo pdqlirog lq
 +  ,1 Lq wklv vhfwlrq wkh doorfdwlrq sureohp lv dqdo|}hg h{foxvlyho| dw wkh
h{0srvw vwdjh1 Wkh xwlolwlhv duh wkhuhiruh zulwwhq dv ixqfwlrqv ri +{> v, udwkhu
wkdq +{> $, dqg zh dvvxph x +{> v, wr eh frqwlqxrxvo| glhuhqwldeoh lq v iru
doo l1
Qh{w zh suhvhqw qhfhvvdu| dqg vx!flhqw frqglwlrqv iru h!flhqw lpsoh0
phqwdwlrq lq dq h{0srvw htxloleulxp1 Dq h{0srvw htxloleulxp ri d phfkdqlvp
lv d vhw ri vwudwhjlhv/ vxfk wkdw wkh vwudwhj| ri hdfk djhqw uhpdlqv d ehvw
uhvsrqvh li wkh w|shv ri doo uhpdlqlqj sod|huv zhuh frpprq nqrzohgjh1 E|
wkh uhyhodwlrq sulqflsoh/ zh fdq uhvwulfw rxuvhoyhv wr gluhfw phfkdqlvpv dqg
wuxwk whoolqj vwudwhjlhv1
Ghqlwlrq 7 D gluhfw uhyhodwlrq phfkdqlvp +{> w, shuplwv lpsohphqwdwlrq
lq dq h{0srvw htxloleulxp li ;l> ;v 5 V =
v > v3 , > v,  w +e
v > v3 , > ;e
v 5 V 1
x +{ +v, > v,  w +v,  x +{ +e
Dq h{0srvw htxloleulxp/ zkloh qrw uhtxlulqj grplqdqw vwudwhjlhv/ uhpdlqv
d Ed|hvldq htxloleulxp iru dq| sulru glvwulexwlrq ryhu w|shv1 Zh vkdoo uhihu
4:

wr lpsohphqwdwlrq lq h{0srvw htxloleulxp dovr dv glvwulexwlrq0iuhh lpsohphq0
wdwlrq1
Iru wkh uhvw ri wklv vhfwlrq/ zh { wkh uhdol}dwlrq ri wkh vljqdov v3 iru
doo djhqwv exw l1 Dv v3 lv khog frqvwdqw/ wkh ghshqghqfh rq v3 lv rplwwhg
dw wlphv iru qrwdwlrqdo hdvh1 Ohw wkh vhw V? eh ghqhg dv d vxevhw ri V iru
zklfk {? lv dq h!flhqw doorfdwlrq=
V? @ iv 5 V mx +{? > v > v3 ,  x +{6 > v > v3 , > ;{? 9@ {6 1 j
Wkh vhwv iV? j
?'f fdq eh wdnhq wr irup d sduwlwlrq ri V zlwkrxw orvv ri
jhqhudolw|1
Ghqlwlrq 8 Wkh froohfwlrq iV? j
?'f vdwlvhv vhw frqyh{lw| li iru hyhu| q =
v > v 5 V? , v . +4  , v 5 V? > ; 5 ^3> 4` 1
Li vhw frqyh{lw| lv vdwlvhg/ wkhq wkhuh h{lvwv dq rswlpdo srolf| { +v, vxfk
wkdw hyhu| {? lv hpsor|hg rq d frqyh{ vhw V? dqg qrzkhuh hovh1 Diwhu srvvl0
eo| uhodeholqj wkh lqglfhv/ zh kdyh wkh iroorzlqj rughulqj iru wkh doorfdwlrq
vsdfh [=
{f ! { ! === ! { >

+<,

vxfk wkdw iru doo v 5 V& dqg v 5 V, / n 9@ o/


v ? v , {& @ { +v > v3 , ! { v > v3 @ {, 1

+43,

Zh hqgrz wkh vsdfh [ zlwk wkh rughu ghqhg e| +<,0+43, dqg V zlwk wkh
qdwxudo rughu rq wkh uhdo olqh1 Lw iroorzv wkdw iru hyhu| wzr dgmdfhqw vhwv/
V?3 dqg V? / wkh lqwhuvhfwlrq ri wkhlu forvxuhv/ V?3 dqg V? / uhvshfwlyho|/
lv jlyhq e| d vlqjoh srlqw v? / fdoohg d fkdqjh srlqw=
V?3 _ V? @ iv? j =
Ghqh dovr
v? ] +v? > v3 , 1
4;

Hyhu| fkdqjh srlqw v? kdv wkh surshuw| wkdw dw v @ v? =


C 
x +{? > v,  x {?3 > v  3=
Cv
Frqvlghu qh{w wkh wuxwk whoolqj frqglwlrq iru djhqw l/ zklfk lv jlyhq e|
v > v3 , > +v > v3 ,,  w +e
v > v3 , > ;e
v 5 V =
x +{ +v, > v,  w +v,  x +{ +e
Dv wkh vrfldoo| h!flhqw doorfdwlrq lv frqvwdqw rq wkh vhw V? / lw iroorzv wkdw
wkh wudqvihu sd|phqw ri djhqw l kdv wr eh frqvwdqw rq V? dv zhoo1 Ghqrwh lw
e| w? 1 Wkh deryh lqhtxdolw| fdq wkhq eh zulwwhq htxlydohqwo| dv=
?
x +{? > v > v3 ,  w?  x +{6 > v > v3 ,  w6
 > ;v 5 V > ;q> p1

Sursrvlwlrq 4 D qhfhvvdu| frqglwlrq iru h{0srvw lpsohphqwdwlrq lv wkdw
iru ;l> ;v3 > ;q=


C 
x +{? > v,  x {?3 > v  3/ dw v @ v? =
Cv

+44,

Surri1 Vhh dsshqgl{1
Wkh lqhtxdolw| +44, lv d idploldu orfdo vruwlqj frqglwlrq dqg lw lpsolhv wkdw
wkh lqfhqwlyh frpsdwleoh wudqvihuv +iru doo h!flhqw doorfdwlrqv,/ duh xqltxho|
ghwhuplqhg +xs wr d frpprq frqvwdqw, e|=


w?  w? 3 @ x +{? > v? ,  x {?3 > v?
ru htxlydohqwo|/


w?  w? 3 @ x3 {?3 > v?  x3 +{? > v? , =

+45,

Wkh phfkdqlvp zklfk lpsohphqwv wkh h!flhqw doorfdwlrq zlwk wkh wudqvihuv
ghwhuplqhg e| +45, lv uhihuuhg wr dv wkh jhqhudol}hg YFJ phfkdqlvp1 Iru
ghqlwhqhvv/ zh lqlwldol}h wf e|=
wf ] x3 +{3 +v3 , > v3 ,  x3 +{f > vf , >
zkhuh vf lv ghqhg dv wkh orzhvw vljqdo dorqj wkh l| glphqvlrq/ ru=


vf ] v > v3 >
4<

+46,

dqg v3 uhsuhvhqwv wkh sulydwh lqirupdwlrq ri doo djhqwv exw l wrjhwkhu zlwk
wkh h{0dqwh sxeolf lqirupdwlrq t +$  ,1 Dv wkh wudqvihu sd|phqwv w? iru hyhu|
doorfdwlrq {? duh qhfhvvdulo| ghwhuplqhg dw wkh fkdqjh srlqwv/ lw iroorzv wkdw
+jhqhulfdoo|, hyhu| vhw V? fdq kdyh dw prvw rqh fkdqjh srlqw dv rwkhuzlvh
w? zrxog eh ryhughwhuplqhg1 Wklv lv h{dfwo| zkdw vhw frqyh{lw| jxdudqwhhv1
Sursrvlwlrq 5 D jhqhulfdoo| qhfhvvdu| frqglwlrq iru h{0srvw lpsohphqwd0
wlrq lv vhw frqyh{lw| ;l> ;v3 1
Surri1 Vhh dsshqgl{1
Wkh jhqhudol}hg YFJ phfkdqlvp vxjjhvwv wkh iroorzlqj qrwlrq ri slyrwdo
frqwulexwlrq lq frqwudvw wr wkh pdujlqdo frqwulexwlrq ghqhg hduolhu1 Iru d
jlyhq v/ ohw { +v, @ {? / dqg ghqh v?n ] v19 Wkh htxloleulxp xwlolw| ri
djhqw l fdq qrz eh htxlydohqwo| h{suhvvhg dv wkh slyrwdo frqwulexwlrq ri
djhqw l dv iroorzv1
Ghqlwlrq 9 Wkh slyrwdo frqwulexwlrq ri djhqw l lv ghqhg dv=
S F +v, ] x +{ +v, > v, 

? 




[
x3 {& > v&n  x3 {& > v&  x3 +{3 +v3 , > v3 , >
&'f

+47,

Ghqlwlrq +9, hpskdvl}hv wkh uhodwlrqvkls wr wkh pdujlqdo frqwulexwlrq1
Zlwk sulydwh ydoxhv/ wkh vljqdo v pd| eh slyrwdo iru pdq| doorfdwlrqv/ exw
lw lv luuhohydqw wr wkh ydoxh dwwdfkhg wr dq| doorfdwlrq iru djhqwv rwkhu wkdq
l/ ru




x3 {& > v&n  x3 {& > v& @ 3> ;n1
Diwhu qrwlflqj wkdw zlwk sulydwh ydoxhv
x3 +{3 +v3 , > v3 , @ x3 +{3 +v, > v, >
lw iroorzv wkdw slyrwdo dqg pdujlqdo frqwulexwlrq frlqflgh iru wkh sulydwh
ydoxh hqylurqphqw1 Zlwk frpprq ydoxhv/ djhqw l grhv qrw uhfhlyh klv
9

Uhfdoo wkdw zh duh nhhslqj r3 frqvwdqw wkurxjkrxw wkh glvfxvvlrq1
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pdujlqdo frqwulexwlrq dv lqfhqwlyh frpsdwlelolw| uhtxluhv wkdw djhqw l frp0
shqvdwhv wkh uhpdlqlqj djhqwv iru dq| orvvhv lqfxuuhg orfdoo| e| prylqj
iurp fkdqjh srlqw v& wr v&n 1 Iurp 47/ zh vhh wkdw wkh glhuhqfh eh0
wzhhq wkh sulydwh dqg vrfldo ydoxh ri lqirupdwlrq lv fdswxuhg lq wkh whup
 & &n 


S? 
 x3 {& > v& = Lq wkh qh{w vhfwlrq/ zh frpsduh wkh
&'f x3 { > v
vrfldo dqg sulydwh uhwxuqv iurp dgglwlrqdo lqirupdwlrq rq  ghshqglqj rq
zkhwkhu x3 +{> v, lv vxshu0 ru vxeprgxodu lq +{> v , =
Qh{w zh vwuhqjwkhq wkh orfdo vruwlqj frqglwlrq wr rewdlq vx!flhqw frqgl0
wlrqv iru h{0srvw lpsohphqwdwlrq1 Dq reylrxv qhfhvvdu| dv zhoo dv vx!flhqw
frqglwlrq lv wkdw wkh htxloleulxp xwlolw| x +{? > v,  w? eh vlqjoh0furvvlqj lq
+{? > v ,1: Xvlqj wkh fkdudfwhul}dwlrq ri w? dv jlyhq deryh/ wkh vlqjoh0furvvlqj
frqglwlrq fdq eh gluhfwo| zulwwhq lq whupv ri wkh xwlolw| ixqfwlrqv1 Iru hyhu|
{?3 dqg {? / wkh glhuhqfh




x +{? > v,  x {?3 > v . x3 +{? > v? ,  x3 {?3 > v?
kdv wr eh vlqjoh0furvvlqj lq v / zkhuh zh revhuyh wkdw wkh odvw wzr whupv duh
frqvwdqwv dw v @ v? 1 Wkxv wkh orfdo vruwlqj frqglwlrq/ zklfk lv d qhfhvvdu|
frqglwlrq/ lv dovr vx!flhqw li zh vwuhqjwkhq lw wr d vlqjoh0furvvlqj frqglwlrq
zlwk wkh furvvlqj wr rffxu dw v @ v? 1
Wkh qh{w sursrvlwlrq prglhv wkh qhfhvvdu| frqglwlrq lq d glhuhqw gl0
uhfwlrq/ qdpho| e| h{whqglqj wkh orfdo wr d joredo vruwlqj frqglwlrq1
Sursrvlwlrq 6 Li vhw frqyh{lw| lv vdwlvhg dqg iru doo l> v3 dqg q=


C 
x +{? > v,  x {?3 > v  3>
Cv

+48,

wkhq dq h{0srvw lpsohphqwdwlrq h{lvwv1
Surri1 Vhh dsshqgl{1
Wkxv li wkh xwlolw| ri hyhu| djhqw l glvsod|v vxshuprgxodulw| lq +{? > v ,
dqg vhw frqyh{lw| lv vdwlvhg/ wkhq dq h{0srvw lpsohphqwdwlrq h{lvwv1 D
:

D ixqfwlrq s G f f 7 < U vdwlvhv wkh vlqjoh furvvlqj surshuw| li iru % : %/ s E% c r 3
s E%c r c uhjdughg dv d ixqfwlrq ri r furvvhv }hur rqo| rqfh dqg rqo| iurp ehorz1 D ixqfwlrq
s G f f 7 < U lv vxshuprgxodu li iru % : %c s E% c r 3 s E%c r lv prqrwrqh qrqghfuhdvlqj
lq r1
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vx!flhqw frqglwlrq iru vhw frqyh{lw| lv wkdw wkh vrfldo ydoxh x +{? > v, eh
vlqjoh0furvvlqj lq +{? > v ,1 Zh zlvk wr hpskdvl}h djdlq wkdw wkh sduwlfxodu
rughu lpsrvhg rq wkh doorfdwlrq vsdfh [ pd| ghshqg rq l dqg v3 / dqg doo
wkdw lv uhtxluhg lv wkdw iru hyhu| v3 / dq rughu rq [ fdq eh frqvwuxfwhg vxfk
wkdw wkh frqglwlrqv deryh iru qhfhvvlw| dqg vx!flhqf| fdq eh phw1
Lw pd| eh qrwhg wkdw vhw frqyh{lw| dqg vxshuprgxodulw| duh vwulfwo|
zhdnhu wkdq wkh frqglwlrqv vxjjhvwhg e| Gdvjxswd ) Pdvnlq +4<<;, lq wkh
frqwh{w ri d pxowl0xqlw dxfwlrq=


Cx +{ > v,
Cx +{> v,
A
>
+l,
x { > v A x +{> v, ,
Cv
Cv
ru li djhqw l suhihuv { wr {/ wkhq dq lqfuhdvh lq v pdnhv klv suhihuhqfh hyhq
vwurqjhu>




Cx +{ > v,
Cx +{> v,
A
>
x { > v A x +{> v, a x { > v @ x +{> v, ,
Cv
Cv

+ll,

zklfk vwdwhv wkdw d pdujlqdo lqfuhdvh lq wkh vljqdo v kdv d juhdwhu pdujlqdo
hhfw rq wkh doorfdwlrq { wkdq rq {/ zkhuh { lv suhihuuhg wr { e| l/ dqg
qdoo|=

 


 

x { > v A x +{> v, , <v v1wk1 x { > v > v3 A x {> v > v3 > +lll,
ru li { lv suhihuuhg wr { e| l/ wkhq wkhuh lv dq v vx!flhqwo| kljk vxfk
wkdw { lv dovr vrfldoo| suhihuuhg wr {1 Qrwlfh lq sduwlfxodu wkdw +l, uhtxluhv
wkdw iru hyhu| v3 / iru lqglylgxdo l doo vwulfw udqnlqjv dprqj doorfdwlrqv duh
lqghshqghqw ri klv rzq vljqdo v 1
Fruroodu| 6 Frqglwlrqv +l,0+lll, lpso| vhw frqyh{lw| dqg vxshuprgxodulw|1
Surri1 Vhh dsshqgl{1
Lq wkh olqhdu +lq wkh vljqdov, yhuvlrq ri wkh prgho zklfk lv lqyhvwljdwhg
e| Mhklho ) Progrydqx +4<<;, zlwk=
x +{? , @

U
[
 '

x +{? , v >

lw iroorzv wkdw qhfhvvdu| dqg vx!flhqw frqglwlrqv frlqflgh1
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Fruroodu| 7 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru h!flhqw lpsohphqwd0
wlrq lq wkh olqhdu prgho lv
x +{? ,  x +{6 , /

U
[
 '

x +{? , 

U
[
 '

x +{6 , 1

Surri1 Vhh dsshqgl{1
Iru frpsohwhqhvv/ lw pd| eh qrwhg wkdw wkh jhqhudol}hg YFJ lv hvvhqwldoo|
wkh xqltxh phfkdqlvp zklfk lpsohphqwv wkh h!flhqw rxwfrph lq dq h{0srvw
htxloleulxp1
Sursrvlwlrq 7 D phfkdqlvp +{> w, lpsohphqwv wkh h!flhqw doorfdwlrq rqo|
li w +v, vdwlvhv +45, iru doo l dqg v1
Surri1 Vhh dsshqgl{1
Dv wkh orfdo vruwlqj frqglwlrq lv d qhfhvvdu| frqglwlrq iru h{0srvw lpsoh0
phqwdwlrq/ rqh pljkw frqmhfwxuh wkdw Ed|hvldq udwkhu wkdq h{0srvw lpsoh0
phqwdwlrq pljkw doorz iru d pxfk zlghu fodvv ri sureohpv wr eh vxffhvvixoo|
lpsohphqwhg1 Lq sduwlfxodu/ Ed|hvldq lpsohphqwdwlrq pljkw ryhufrph wkh
orfdo idloxuh ri wkh vruwlqj frqglwlrq surylghg wkdw wkh glvwulexwlrq ryhu wkh
vljqdov v3 lv vx!flhqwo| glyhuvh1 Wkh iroorzlqj urexvwqhvv uhvxow iru dq
duelwudu| vhw ri xwlolw| ixqfwlrqv ix +{> v,jMP vkrzv wkdw li h{0srvw lpsoh0
phqwdwlrq idlov/ wkhq lw lv qrw srvvleoh wr qg Ed|hvldq lpsohphqwdwlrqv iru
doo glvwulexwlrqv ri vljqdov1
Sursrvlwlrq 8 Wkh xwlolw| ixqfwlrqv ix +{> v,jMP shuplw Ed|hvldq lpsoh0
phqwdwlrq iru doo glvwulexwlrqv I +v , li dqg rqo| li ix +{> v,jMP shuplw
h{0srvw lpsohphqwdwlrq iru doo v1
Surri1 Vhh dsshqgl{1
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Frqwlqxxp ri Doorfdwlrqv

Wkh vruwlqj dqg frqyh{lw| frqglwlrqv qdwxudoo| h{whqg wr wkh fdvh ri d frq0
wlqxxp ri doorfdwlrqv1 Ohw [  U eh d frpsdfw lqwhuydo ri wkh uhdo olqh1
Dv ehiruh/ { wkh uhdol}dwlrq ri wkh vljqdo v3 / dqg vxssrvh wkdw { +v, lv d
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phdvxudeoh ixqfwlrq ri v 1 Vhw frqyh{lw| lv ghqhg dv ehiruh1 Vxssrvlqj vhw
frqyh{lw|/ zh fdq lpsrvh d frpsohwh rughu/ ghqrwhg e| w/ rq wkh doorfdwlrq
vsdfh [ vxfk wkdw wkh rughu rq [ pluuruv wkh rughu ri wkh vljqdo vsdfh e|
uhtxlulqj wkdw iru doo v > v =


v ? v , { +v > v3 , w { v > v3 =

+49,

Iru wkh iroorzlqj zh hqgrz [ zlwk wkh frpsohwh rughu ghqhg e| +49, dqg
vxssrvh ixuwkhu wkdw x +v> {, lv wzlfh frqwlqxrxvo| glhuhqwldeoh zlwk uhvshfw
wr v dqg { lq wkh rughu ghqhg deryh1
Sursrvlwlrq 9 Qhfhvvdu| frqglwlrqv iru h{0srvw lpsohphqwdwlrq duh jlyhq
e|=
41 vhw frqyh{lw| lv vdwlvhg ;l> ;v3 >
51 orfdo vruwlqj frqglwlrq=
x +{ +v, > v,
 3> ;l> ;v1
Cv C{
Surri1 Vhh dsshqgl{1
Dv lq wkh glvfuhwh fdvh/ wkh vhw frqyh{lw| frqglwlrqv lv jhqhulfdoo| qhfhv0
vdu|1 Li wkh orfdo vruwlqj frqglwlrq lv h{whqghg wr d joredo frqglwlrq/ wkhq
zh rewdlq vx!flhqw frqglwlrqv iru lpsohphqwdwlrq1
Sursrvlwlrq : Vx!flhqw frqglwlrqv iru h{0srvw lpsohphqwdwlrq duh jlyhq
e|=
41 vhw frqyh{lw|/ ;l> ;v3
51 joredo vruwlqj frqglwlrq=
x +{> v,
 3> ;l> ;v> ;{=
Cv C{
Surri1 Vhh dsshqgl{1
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Sursrvlwlrq : jhqhudol}hv dq hduolhu sursrvlwlrq e| Mhklho ) Progrydqx
+4<<;, iurp d olqhdu wr d qrqolqhdu hqylurqphqw zlwk rqh0glphqvlrqdo vlj0
qdov1 Wkh wudqvihu sd|phqw lq wkh jhqhudol}hg YFJ phfkdqlvp djdlq shu0
plwv dowhuqdwlyh uhsuhvhqwdwlrqv dv hlwkhu=
] r
Cx +{ +y > v3 , > +y > v3 ,, C{ +y > v3 ,
gy . w +v > v3 ,
w +v, @
C{
Cy
r
ru
w +v, @ 

] r
Cx3 +{ +y > v3 , > +y > v3 ,, C{ +y > v3 ,
gy . w +v > v3 , +4:,
C{
Cy
r

Iru ghqlwhqhvv w +v > v3 , lv djdlq ghqhg dv lq +46, hduolhu1

9

Frpprq Ydoxhv= H{0Dqwh H!flhqf|

Wkh glvwlqfwlrq ehwzhhq pdujlqdo dqg slyrwdo frqwulexwlrq douhdg| klqwv dw
d jhqhudo lqh!flhqf| uhvxow lq wkh frpprq ydoxh hqylurqphqw1 Lq wklv vhf0
wlrq/ zh dqdo|}h wkh frqvhtxhqfhv ri h{0srvw h!flhqw doorfdwlrq uxohv iru
wkh surfhvv ri lqirupdwlrq dftxlvlwlrq1 Vxfk dq lqyhvwljdwlrq lv qdwxudoo|
frqvwudlqhg e| wkh idfw wkdw wkh shuplvvleoh vljqdov kdyh wr lqgxfh h{0srvw
xwlolwlhv zklfk shuplw h{0srvw lpsohphqwdwlrq1 Lq rwkhu zrugv/ wkh fodvv ri
vljqdov wr eh lqyhvwljdwhg kdyh wr vdwlvi| wkh vruwlqj dqg frqyh{lw| frqgl0
wlrqv ghulyhg hduolhu wr shuplw dq h{0srvw h!flhqw lpsohphqwdwlrq1 Dv zh
uhirupxodwh wkh sureohp lq wkh vwdwh vsdfh/ zh kdyh wr dvn zkdw uhvwulfwlrqv
rq srvwhulru eholhiv s +$  mv , dqg xwlolw| ixqfwlrqv x +{> $, duh uhtxluhg lq
rughu wr vdwlvi| wkh prqrwrqlflw| dqg vruwlqj frqglwlrqv rq x +{> v, iru doo
+{> v,1 Iruwxqdwho|/ wklv sureohp fdq eh dghtxdwho| dgguhvvhg lq wkh frq0
wh{w ri wkh prqrwrqh hqylurqphqw lqwurgxfhg e| Nduolq ) Uxelq +4<89, iru
vlqjoh djhqw ghflvlrq sureohpv1 Wkh vx!flhqw frqglwlrqv jlyhq lq Nduolq )
Uxelq +4<89, iru ghflvlrq sureohpv kdyh d qdwxudo h{whqvlrq wr wkh jdph
wkhruhwlf sureohp xqghu frqvlghudwlrq khuh1 Wkh uhvwulfwlrq wr d prqrwrqh
hqylurqphqw frphv zlwk dq dgglwlrqdo ehqhw zlwk uhjdug wr wkh rughulqj ri
lqirupdwlrq vwuxfwxuhv1 Ohkpdqq +4<;;, vxjjhvwhg qhfhvvdu| dqg vx!flhqw
frqglwlrqv wr udqn wkh lqirupdwlyhqhvv ri glhuhqw vljqdov iru wkh prqrwrqh
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hqylurqphqw1 Ohkpdqq*v qrwlrq ri hhfwlyhqhvv djuhhv zlwk Eodfnzhoo*v qr0
wlrq li wzr vljqdov fdq eh udqnhg dffruglqj wr Eodfnzhoo/ exw lw surylghv d
pxfk pruh frpsohwh rughulqj lq prqrwrqh hqylurqphqwv1 Wkh prqrwrqh
hqylurqphqw lv lqwurgxfhg uvw lq Vxevhfwlrq 914 dqg wkh lqirupdwlrqdo lqhi0
flhqf| lv dqdo|}hg lq Vxevhfwlrq 9151 Zh frqfoxgh wkh vhfwlrq zlwk d sxeolf
jrrg h{dpsoh lq Vxevhfwlrq 9161

914

Prqrwrqh Hqylurqphqw

Wkh prqrwrqh hqylurqphqw lv fkdudfwhul}hg e| d prqrwrqh olnholkrrg udwlr
frqglwlrq rq srvwhulru eholhiv dqg d vlqjoh furvvlqj frqglwlrq rq sd|r ixqf0
wlrqv1 Uhfdoo wkdw wkh srvwhulru eholhi s +$  mv , ri djhqw l lv lqgh{hg e| v 1
Wkh h{shfwhg xwlolw| ri l iurp doorfdwlrq { dw vljqdo v lv jlyhq e|
[\
s +$  mv , x +{> $, =
+4;,
x +{> v, @
l



Iru doo l/ iru doo v A v dqg $  A $  / wkh srvwhulru ghqvlw| ixqfwlrq lv uhtxluhg
wr vdwlvi| wkh prqrwrqh olnholkrrg udwlr surshuw|=

   
  
s $  v s +$  mv ,  s $ mv s $  v  3=

+4<,

Dv iru wkh sd|r ixqfwlrqv/ zh uhtxluh wkdw iru hyhu| l/ wkh doorfdwlrq
vsdfh [ fdq eh hqgrzhg zlwk d frpsohwh rughu/ ghqrwhg e| / vxfk wkdw
x +{> $  > $ 3 , dqg x +{> $ > $ 3 , duh vxshuprgxodu lq +{> $ , iru doo $ 3 1 Re0
vhuyh wkdw wkh udqnlqj ri wkh doorfdwlrqv lv doorzhg wr ydu| zlwk l1 Wkh
iroorzlqj uhvxowv duh h{whqvlrqv ri d uhvxow rewdlqhg e| Nduolq ) Uxelq
+4<89,1
Sursrvlwlrq ;
41 Iru hyhu| l =


v A v , { v > v3  { +v > v3 , > ;v3 1
51 Iru hyhu| l/ x +{> v > v3 , dqg x +{> v > v3 , duh vxshuprgxodu lq +{> v ,
iru doo v3 1
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Surri1 Vhh dsshqgl{1
Lq wkh prqrwrqh hqylurqphqw dv ghqhg e| Nduolq ) Uxelq +4<89,/ wkh
xwlolw| ixqfwlrq lv rqo| dvvxphg wr eh vlqjoh furvvlqj1 Wkdw frqglwlrq lv uh0
sodfhg khuh zlwk wkh vwurqjhu dvvxpswlrq ri vxshuprgxodulw|1 Wkh vwuhqjwk0
hqlqj lq wkh dvvxpswlrq lv qhfhvvdu| dv zh frqvlghu d pxowl0glphqvlrqdo vlj0
qdo vsdfh1 Dv zh wdnh wkh h{shfwdwlrqv ryhu $ 3 / wkh vlqjoh0furvvlqj surshuw|
lv qrw suhvhuyhg/ exw vxshuprgxodulw| lv1 Frqvlghu qh{w d idplo| ri vljqdov=
iI k +v > $ ,jk M >
zkhuh zh gurs iru wkh uhpdlqghu ri wklv vxevhfwlrq wkh vxevfulsw l dv zh
frqvlghu d ghflvlrq sureohp lq d rqh0glphqvlrqdo vljqdo vsdfh V 1 +Dowhu0
qdwlyho|/ vxssrvh wkdw v3 lv jlyhq dqg {hg1, Ohkpdqq +4<;;, lqwurgxfhg
wkh qrwlrq ri hhfwlyhqhvv iru vwdwlvwlfdo ghflvlrq sureohpv lq wkh prqrwrqh
hqylurqphqw1 Ohw [ eh d idplo| ri doorfdwlrq sureohpv zlwk uhvshfw wr $
dqg doorfdwlrqv { 5 [1 D vljqdo I k lv vdlg wr eh pruh hhfwlyh wkdq d
vljqdo I k zlwk uhvshfw wr d idplo| ri doorfdwlrq sureohpv [ frqfhuqlqj $/
li iru dq| sureohp lq [/ dqg dq| doorfdwlrq uxoh { iru wklv sureohp edvhg rq
I k / wkhuh h{lvwv dq doorfdwlrq uxoh { edvhg rq I k vxfk wkdw





 
Hk x { > $  Hk ^x +{> $,` 1


Ohkpdqq +4<;;, surylghv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru I k wr
eh pruh hhfwlyh wkdq I k lq prqrwrqh ghflvlrq sureohpv1 Li doo vljqdov
I k 5 iI k +v> $,jkM > vdwlvi| wkh prqrwrqh olnholkrrg udwlr/ wkhq d qhfhvvdu|
dqg vx!flhqw frqglwlrq iru I k wr eh pruh hhfwlyh wkdq I k lq wkh fodvv ri
prqrwrqh ghflvlrq sureohpv lv wkdw wkh ixqfwlrq

3
+I k +v m $,,
W k ck +v m $, @ I k + m $,








lv d qrqghfuhdvlqj ixqfwlrq ri $ iru hdfk v1
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Lqh!flhqf|

Wkh vwuxfwxuh ri wkh lqh!flhqf| lq wkh lqirupdwlrq dftxlvlwlrq ghshqgv xowl0
pdwho| rq wkh glhuhqfhv lq wkh uhwxuq iurp lqirupdwlrq dftxlvlwlrq ehwzhhq
5:

wkh lqglylgxdo dqg wkh vrfldo xwlolw| ixqfwlrq1 Wkh h{solflw fkdudfwhul}dwlrq
ri wkh wudqvihu ixqfwlrq lq wkh fdvh ri wkh jhqhudol}hg YFJ phfkdqlvp id0
flolwdwhv vxfk d frpsdulvrq lq wkh lqfhqwlyhv1
Iru wudqvsduhqf|/ zh vwdwh wkh uhvxow uvw iru wkh vlqjoh xqlw dxfwlrq fdvh
lq d v|pphwulf hqylurqphqw1 Lq wklv fdvh dq hohphqw { lq wkh doorfdwlrq
vhw [ vlpso| uhsuhvhqwv wkh dvvljqphqw ri wkh remhfw wr d sduwlfxodu djhqw1
Wkh xwlolw| ri djhqw l lv wkhq wulyldoo| }hur iru x +{> $, iru doo { 9@ ilj1 Lw
lv wkhuhiruh vx!flhqw wr frqfhqwudwh rq wkh xwlolw| ri djhqw l frqglwlrqdo rq
rewdlqlqj wkh remhfw/ dqg ohw
x +$, ] x +{> $, > iru { @ ilj 1
Wkh iroorzlqj wkhruhp wkhq h{whqgv wkh h{dpsoh ri d vlqjoh xqlw dxfwlrq
suhvhqwhg lq Vhfwlrq 6 wr dq duelwudu| qxpehu ri elgghuv dqg duelwudu| vwdwh
vsdfh1
Wkhruhp 5 +Lqh!flhqf| lq Dxfwlrqv,
Hyhu| h{0srvw h!flhqw vlqjoh0xqlw dxfwlrq
41 ohdgv wr wrr pxfk lqirupdwlrq dftxlvlwlrq li iru doo m>
x +$  > $ 3 ,
lv qrqghfuhdvlqj lq $  1
51 ohdgv wr wrr olwwoh lqirupdwlrq dftxlvlwlrq li iru doo m>
x +$  > $ 3 ,
lv qrqlqfuhdvlqj lq $  1
Surri1 Vhh dsshqgl{1
Wkh lqh!flhqf| lq wkh lqirupdwlrq dftxlvlwlrq lv djdlq wr eh xqghuvwrrg
uhodwlyh wr wkh htxloleulxp lqirupdwlrq vwuxfwxuh 3 / vhohfwhg e| doo djhqwv
exw l1 Dv zh phqwlrqhg hduolhu/ d vlplodu uhvxowhg lv vwdwhg lq Pdvnlq +4<<5,
zlwk d vljqdo vsdfh exw zlwkrxw dq xqghuo|lqj vwdwh vsdfh1
5;

Wklv lqh!flhqf| uhvxowv pd| eh frpsduhg zlwk uhvxowv rewdlqhg lq Shu0
vlfr +4<<<,/ zkhuh lw lv vkrzq wkdw wkh uvw sulfh dxfwlrq ohdgv wr pruh
lqirupdwlrq dftxlvlwlrq wkhq wkh vhfrqg sulfh dxfwlrq1 Klv prgho lv rqh
zlwk d!oldwhg vljqdov/ dqg wkhuhiruh rxwvlgh rxu lqghshqghqw frpprq ydo0
xhv vhwwlqj1 Lw vkrxog dovr eh srlqwhg rxw wkdw Shuvlfr rewdlqhg d udqnlqj ri
wkh pdujlqdo lqfhqwlyhv wr dftxluh lqirupdwlrq zkhuhdv zh rewdlq d joredo
uhvxow1 Wkh glhuhqfh lv gxh wr wkh idfw wkdw lq Shuvlfr +4<<<,/ xqghu wkh wzr
dxfwlrqv/ wkh ehvw doorfdwlrq srolflhv iurp wkh srlqw ri ylhz ri dq lqglylg0
xdo djhqw pd| eh glhuhqw1 Lq wkh frqwh{w ri h!flhqw lpsohphqwdwlrq/ wkh
phfkdqlvp ghvljqhu lv lpsohphqwlqj wkh h!flhqw srolf| dqg khqfh wkh door0
fdwlrq srolf| lv lghqwlfdo iru djhqw l dqg wkh vrfldo sodqqhu zkr pd{lpl}hv
wkh vrfldo xwlolw|1
D vlplodu uhvxow dssolhv wr jhqhudo doorfdwlrq sureohpv1 Wkh h{0srvw h!0
flhqw phfkdqlvp surylghv lqvx!flhqw lqfhqwlyhv wr dftxluh lqirupdwlrq zkhq
djhqw l dqg wkh frpsohphqw vhw Lql kdyh frpsohphqwdu| lqwhuhvw +lq wkhlu
pdujlqdo xwlolwlhv,/ dqg h{fhvvlyh lqfhqwlyhv zkhq l dqg Lql kdyh frq lfwlqj
lqfhqwlyhv uhjduglqj wkh doorfdwlyh ghflvlrq {1
Wkhruhp 6 +Lqh!flhqf| lq Phfkdqlvpv,
Hyhu| h{0srvw h!flhqw phfkdqlvp
41 ohdgv wr wrr olwwoh lqirupdwlrq dftxlvlwlrq li ;l> ;$ 3 / x3 +{> $ > $ 3 , lv
vxshuprgxodu lq +{> $ ,1
51 ohdgv wr wrr pxfk lqirupdwlrq dftxlvlwlrq li ;l> ;$3 / x3 +{> $  > $ 3 ,
lv vxeprgxodu lq +{> $  ,1
Surri1 Vhh dsshqgl{1
Wkh surri ri wkh wkhruhp frpsduhv wkh sulydwh dqg vrfldo ydoxhv ri lq0
irupdwlrq rq  1 Lq rughu wr pdnh wklv frpsdulvrq/ wkh glhuhqfh ehwzhhq
vrfldo dqg sulydwh ydoxhv lv wudqviruphg lqwr d frpsdulvrq ri h{shfwhg sd|0
rv ri doo rwkhu djhqwv exw l= E| yhuli|lqj wkdw wkh wudqviruphg sureohp
vdwlvhv wkh frqglwlrqv ri Wkhruhp 814 lq Ohkpdqq +4<;;,/ zh uhdfk rxu
frqfoxvlrq1
5<

Wkh htxloleulxp xwlolw| ixqfwlrq ri djhqw l xqghu doorfdwlrq { lv jlyhq e|
x +{> v > v3 ,  w +v > v3 , =
Iru d {hg v3 / wkh wudqvihu wr eh sdlg e| djhqw l ghshqgv rqo| rq wkh
doorfdwlrq exw qrw rq klv +uhsruwhg, vljqdo1 Lw iroorzv wkhuhiruh wkdw wkh
htxloleulxp xwlolw| ixqfwlrq ri djhqw l vkduhv wkh vlqjoh0furvvlqj dqg vxshu0
prgxodulw| surshuw| zlwk wkh xwlolw| ixqfwlrq ehiruh wkh lqwurgxfwlrq ri wkh
wudqvihuv1 Wkh glhuhqfh lq wkh vrfldo ydoxh dqg sulydwh ydoxh iru wzr vljqdo
vwuxfwxuhv/  dqg  / lv jlyhq e|=
Hk ^x +{> v,`  Hk ^x +{> v,` j Hk ^x +{> v,  w +v,`  Hk ^x +{> v,  w +v,` =




Ohw  eh pruh hhfwlyh wkdq 1 Htxlydohqwo| wklv lqhtxdolw| fdq eh h{0
suhvvhg dv=
Hk ^x3 +{> v, . w +v,` j Hk ^x3 +{> v, . w +v,`


Exw dv w +v, lv frqvwdqw lq v frqglwlrqdo rq wkh doorfdwlrq/ wkh vxshuprg0
xodulw| surshuw| ri wkh whup +x3 +{> v, . w +v,, uhpdlqv xqdhfwhg diwhu
gursslqj wkh wudqvihu sd|phqwv w +v,1 Wkxv zh qhhg wr vljq wkh iroorzlqj
lqhtxdolw|
Hk ^x3 +{> v,` j Hk ^x3 +{> v,` =


Lq wkh vlqjoh xqlw dxfwlrq wkh gluhfwlrq ri wklv lqhtxdolw| fdq eh ghflghg rq
wkh edvlv ri wkh surshuwlhv vwdwhg lq Wkhruhp 51 Lq wkh fdvh ri d jhqhudo
phfkdqlvp sureohp/ lw lv wkhq vx!flhqw wr hydoxdwh wkh vxshuprgxodulw|
surshuw| ri wkh djjuhjdwh xwlolw| ri doo sod|huv exw l1

916

Surylvlrq ri d Sxeolf Jrrg

Wkh jhqhudo uhvxowv rewdlqhg suhylrxvo| duh looxvwudwhg lq wklv vhfwlrq e| d
vlpsoh sureohp ri surylglqj d sxeolf jrrg1 Frqvlghu wkh iroorzlqj orfdwlrq
sureohp iru d frpprq uhvrxufh/ vd| dq dlusruw/ ehwzhhq djhqw l dqg djhqw
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m1 Wkh xwlolwlhv ri wkh orfdwlrq frqglwlrqdo rq wkh wuxh vwdwh ri wkh zruog $
lv jlyhq e|=
x +{> $, @  m{  o m +d $  . d $ ,
dqg
x +{> $, @  m{  o m +d $ . d $  , =
Wkh xwlolw| ri djhqw l lv ghwhuplqhg e| wkh glvwdqfh ehwzhhq klv orfdwlrq o 5
^4> 4` dqg wkh orfdwlrq ri wkh frpprq uhvrxufh { 5 ^4> 4`1 Wkh elqdu| vwdwh
yduldeoh $ @ i3> 4j pd| uhsuhvhqw wkh xqfhuwdlq ghpdqg iru wkh frpprq
uhvrxufh e| djhqw l dqg wkh vwuhqjwk ri wkh suhihuhqfhv duh uhsuhvhqwhg e| d 1
Lw lv dvvxphg wkdw hdfk djhqw ydoxhv wkh uhvrxufh srvlwlyho|/ ru d A 3/ exw
wkdw dgglwlrqdo ghpdqg e| djhqw m pd| kdyh hlwkhu srvlwlyh ru qhjdwlyh ydoxh
iurp wkh srlqw ri ylhz ri djhqw l/ ru d j 31 Lq wkh frqwh{w ri wkh dlusruw
h{dpsoh d A 3 frxog uhsuhvhqw srvlwlyh vslooryhuv gxh wr kljkhu wud!f
ghqvlw| dqg d ? 3 frxog uhsuhvhqw qhjdwlyh vslooryhuv gxh wr lqfuhdvhg
qrlvh h{srvxuh1 Zlwk d elqdu| vwdwh vwuxfwxuh/ wkh vljqdo fdq eh wdnhq wr eh
wkh srvwhulru eholhi s @ Su +$  @ 4,1 Wkh h{shfwhg ydoxh iru djhqw l lv wkhq
jlyhq e|=
x +{> $, @  m{  o m +d s . d s ,
Iru frqfuhwhqhvv dvvxph wkdw wkh djhqwv duh orfdwhg dw rssrvlwh hqgv ri wkh
lqwhuydo/ dqg o @ 4 dqg o @ 4 dqg wkdw wkh ohdvw h{shqvlyh orfdwlrq lv
wkh fhqwhu ri wkh lqwhuydo1 Wkh vrfldo frvw ri orfdwlqj wkh uhvrxufh forvhu wr
l ru m lv uhsuhvhqwhg e| f +{, @ 2 {2 1 Wkxv/ iurp d sulydwh srlqw ri ylhz/
hdfk djhqw suhihuv wkh frpprq uhvrxufh wr eh dv forvh dv srvvleoh wr klv rzq
orfdwlrq li dqg rqo| li wkh sulydwh h{shfwhg ydoxh ri wkh uhvrxufh lv srvlwlyh/
ru +d s . d s ,  31
Wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru h{0srvw lpsohphqwdwlrq duh
yhulhg wr eh d  d dqg v|pphwulfdoo| d A d 1 Wkh rughulqj ri wkh
orfdwlrqv iurp wkh srlqw ri ylhz ri djhqw l lv wkh uhyhuvh ri wkh qdwxudo rughu
ri { dqg iru djhqw m lw lv wkh qdwxudo rughu ri {1 Wkh xwlolw| ri djhqw m lv
vxshuprgxodu lq +{> $  , li d  3/ dqg vxeprgxodu lq +{> $  , li d  31
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Wkh vrfldoo| h!flhqw srolf| lv wr orfdwh wkh uhvrxufh dw
{ +s, @ +d  d , s . +d  d , s
surylghg wkdw { +s, 5 ^4> 4`1; Wkh jhqhudol}hg YFJ phfkdqlvp lv lpsoh0
phqwhg e| wkh wudqvihu ixqfwlrqv=
Cw +s,
@ +d s  d s , +d  d ,
Cs
dv ghulyhg lq +4:, dqg v|pphwulfdoo| iru m1
Ilqdoo|/ frqvlghu wkh ghflvlrq ri hdfk djhqw wr dftxluh lqirupdwlrq ehiruh
wkh orfdwlrq ghflvlrq1 Wr wklv hqg/ vxssrvh wkdw djhqw l fdq fkrrvh iurp
wkh iroorzlqj fodvv ri ghqvlwlhv dqg wkhlu dvvrfldwhg glvwulexwlrq ixqfwlrqv ri
srvvleoh srvwhulru uhdol}dwlrqv rq wkh lqwhuydo ^3> 4`=
+
 .   s
3  s ? 2 >
k
i  +s , @
 .      s 2  s ? 4=
Qrwh wkh reylrxv uhvwulfwlrq   @ 7 +4   , dqg  5 ^3> 5` iru i k +, wr eh
d ghqvlw| ixqfwlrq1 Wkh ghqvlw| ixqfwlrqv lq wklv fodvv duh +lqyhuvho|, whqw0
vkdshg/ lqfoxgh wkh xqlirup ghqvlw| +iru  @ 4,/ dqg iru 3   ?   5/
wkh glvwulexwlrq ixqfwlrq dvvrfldwhg zlwk  lv pruh hhfwlyh wkdq wkh rqh
dvvrfldwhg zlwk  1 Iru vlpsolflw|/ ohw wkh frvw ri lqirupdwlrq dftxlvlwlrq
eh txdgudwlf lq  = f + , @ 2 2 1 Wkh xqltxh htxloleulxp lq lqirupdwlrq
fkrlfhv lv wkhq jlyhq e|
 @

4
d +d  d ,
7;

 @

4
d +d  d ,
7;

dqg

zklfk vkrxog eh frpsduhg zlwk wkh h!flhqw ohyho ri lqirupdwlrq dftxlvlwlrq=
W @

4
+d  d ,2
7;

;

Iru vlpsolflw|/ zh vkdoo qhjohfw wkh srvvlelolw| ri fruqhu vroxwlrqv wkurxjkrxw/ zklfk lv
zlwkrxw orvv ri jhqhudolw| diwhu dvvxplqj wkdw @ 3@ $  dqg @ 3@ $ 1 Qrwh krzhyhu
wkdw fruqhu vroxwlrqv zrxog prgli| rqo| wkh fdofxoxv exw qrw wkh txdolwdwlyh uhvxowv1
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dqg
W @

4
+d  d ,2 1
7;

Lw iroorzv gluhfwo| wkdw djhqw l dftxluhv pruh wkdq h!flhqw lqirupdwlrq li
vjq d @ vjq d >
l1h1 zkhq wkh pdujlqdo suhihuhqfhv ri djhqw l dqg m duh frq lfwlqj1 Lq
frqwudvw/ djhqw l dftxluhv ohvv wkdq wkh h!flhqw dprxqw ri lqirupdwlrq li=
vjq d 9@ vjq d >
l1h1 zkhq erwk xwlolw| ixqfwlrqv duh vxshuprgxodu lq +{> s ,1 Wkh dfwxdo
htxloleulxp fkrlfh ri lqirupdwlrq vwuxfwxuhv duh glvsod|hg iru vxe0 dqg vx0
shuprgxodu suhihuhqfhv lq Ilj1 61
^Lqvhuw Iljxuh 6 khuh`

:

Frqfoxvlrq

Wklv sdshu frqvlghuv wkh h!flhqf| ri lqirupdwlrq dftxlvlwlrq lq d phfkdqlvp
ghvljq frqwh{w1 Lq wkh sulydwh ydoxhv zruog/ dq| phfkdqlvp zklfk lpsoh0
phqwv wkh h!flhqw doorfdwlrq/ dovr ohdgv wr dq h!flhqw ohyho ri lqirupdwlrq
dftxlvlwlrq e| wkh djhqwv h{0dqwh1 Wkh h!flhqf| uhvxowv zlwk sulydwh ydoxhv
dovr h{whqg wr d vhwwlqj zkhuh wkh lqirupdwlrq lv dftxluhg vhtxhqwldoo| ehiruh
d qdo vrfldo doorfdwlrq lv lpsohphqwhg1
Lq wkh frpprq ydoxhv prgho/ wkh lpsrvvlelolw| wr rewdlq erwk h{0dqwh dv
zhoo dv h{0srvw h!flhqf| zlwk frpprq ydoxhv rshqv wkh txhvwlrq ri zklfk
+vhfrqg0ehvw, phfkdqlvp rswlpdoo| edodqfhv ehwzhhq h!flhqw lqfhqwlyhv iru
h{0dqwh lqirupdwlrq dftxlvlwlrq dqg h!flhqw h{0srvw lpsohphqwdwlrq1 Wkh
frpprq ydoxh prgho zh lqyhvwljdwhg khuh lv rqh zkhuh wkh frpsrqhqwv $ 
ri wkh vwdwh ri wkh zruog $ @ +$  > ===> $ U , duh glvwulexwhg lqghshqghqwo|1
Dv lq phfkdqlvp ghvljq wkhru| zlwk d {hg lqirupdwlrq vwuxfwxuh/ d yhu|
glhuhqw slfwxuh hphujhv zlwk fruuhodwhg vljqdov1 Wkh whfkqltxh vxjjhvwhg
e| Fuhphu dqg PfOhdq +4<;8/ 4<;; , iru ixoo vxusoxv h{wudfwlrq frxog eh
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hdvlo| dgdswhg wr rxu hqylurqphqw wr lqgxfh h!flhqw lqirupdwlrq dftxlvlwlrq
li zh zhuh frqfhuqhg zlwk Ed|hvldq lpsohphqwdwlrq1 Wkh pdmru glhuhqfh
lq wkh frqvwuxfwlrq ri wkh lqfhqwlyh frqvwudlqwv zrxog eh wkdw wkh h{shfwhg
ydoxh ri wkh sduwlflsdwlrq ihh frqglwlrqdo rq wuxwkixo uhyhodwlrq vkrxog qrw
eh }hur exw udwkhu uh hfw wkh pdujlqdo vrfldo ydoxh ri wkh vljqdo1 Wklv
zrxog wkhq ohdg hdfk djhqw wr vhohfw wkh h!flhqw lqirupdwlrq vwuxfwxuh1
Lq frqvhtxhqfh/ wkh ghvljqhu frxog jxdudqwhh wkh lpsohphqwdwlrq ri wkh
h!flhqw lqirupdwlrq dqg doorfdwlrq vwuxfwxuh/ exw zrxog kdyh wr fhgh vrph
ri wkh vxusoxv wr lqgxfh wkh dgrswlrq ri wkh h!flhqw lqirupdwlrq vwuxfwxuh e|
wkh djhqwv1 Li zh lqvlvw rq h{ srvw lpsohphqwdwlrq/ krzhyhu/ phfkdqlvpv ri
wkh Fuhphu dqg PfOhdq w|sh pd| qrw zrun dqg vlplodu lqh!flhqf| uhvxowv
wr wkh rqhv ghulyhg lq wklv sdshu duh olnho| wr hphujh1
Ilqdoo|/ wklv sdshu frqvlghuhg lqirupdwlrq dftxlvlwlrq zlwk d {hg qxp0
ehu ri djhqwv1 Lw pd| eh ri lqwhuhvw wr lqyhvwljdwh wkh olplwlqj prgho dv wkh
qxpehu ri djhqwv jhwv odujh1 Lqwxlwlyho|/ rqh pljkw h{shfw wkdw wkh sure0
ohp ri hdfk lqglylgxdo djhqw pljkw eh forvhu wr wkh sulydwh ydoxh prgho1 Li
wkh uhvsrqvlyhqhvv ri wkh pdujlqdo xwlolw| ri doo rwkhu djhqwv wr wkh vljqdo
ri djhqw l ghfolqhv/ wkhq wkh vxe0 ru vxshuprgxodulw| ri x3 +{> v, lq +{> v ,
pd| ydqlvk dqg |lhog h!flhqf| lq wkh olplw1
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;

Dsshqgl{

Wklv dsshqgl{ froohfwv wkh surriv wr wkh sursrvlwlrqv dqg wkhruhpv lq wkh
pdlq erg| ri wkh wh{w1
Surri ri Wkhruhp 41 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru d orfdo
vrfldo rswlpxp iru dq h{0dqwh h!flhqw doorfdwlrq lv wkdw iru doo l/ iru dq|
jlyhq vhw ri vljqdov 3 /  vroyhv
]
x +{ +s, > s, gI Ek ck   +s,  f+ > 3 ,
+53,
3

E| ghqlwlrq ri wkh sulydwh ydoxh prgho/ wkh rswlpdo vroxwlrq ri wkh prgho
zkhq h{foxglqj djhqw l lv lqghshqghqw ri  / ru=
]
]
Ek ck  
+s3 , @ x3 +{3 +s3 , > s3 , gI k  +s3 , =
x3 +{3 +s3 , > s3 , gI
3

3

Khqfh wkh vroxwlrq wr +53, lv htxlydohqw wr wkh vroxwlrq ri
; U
A
x +{ +s, > s, gI Ek ck   +s,  f + ,
?
pd{
k A
= U
 x3 +{3 +s3 , > s3 , gI k  +s3 , >
3

3

<
A
@
A
>

dqg e| wkh ghqlwlrq ri wkh YFJ phfkdqlvp +vhh +;,,/ wkh odvw surjudp fdq
eh uhzulwwhq dv
] ]
^x +{ +s, > s,  w +s,` gI Ek ck   +s,  f + , >
pd{
3

k

zklfk lv suhflvho| wkh remhfwlyh ixqfwlrq ri djhqw l zkhq ghflglqj rq klv
lqyhvwphqw lq lqirupdwlrq1
Surri ri Sursrvlwlrq 41 Vxssrvh qrw/ wkhq wkhuh h{lvw vrph % A 3 v1wk1




x {?3 > v?  %  x +{? > v?  %, ? x {?3 > v? . %  x +{? > v? . %, =
+54,
Exw dw wkh vdph wlph zh uhtxluh lpsohphqwdwlrq/ ru


x {?3 > v?  %  w? 3  x +{? > v?  %,  w?
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dqg


x {?3 > v? . %  w? 3  x +{? > v? . %,  w? =
zklfk mrlqwo| lpso| wkdw




x {?3 > v?  %  x +{? > v?  %,  x {?3 > v? . %  x +{? > v? . %,
zklfk ohdgv lpphgldwho| wr d frqwudglfwlrq zlwk +54,1
Surri ri Sursrvlwlrq 51 Vxssrvh vhw frqyh{lw| idlov wr krog1 Wkhq wkhuh
h{lvwv dw ohdvw rqh vhw V? vxfk wkdw iru v > v 5 V? dqg iru vrph  5 +3> 4,/
v . +4  , v 5 V6 zlwk p 9@ q1 E| Sursrvlwlrq 4/ wkh glhuhqfhv w?  w6

?
duh xqltxho| ghwhuplqhg e| wkh fkdqjh srlqwv1 Lw iroorzv wkdw li d vhw V lv
qrw frqyh{/ wkhq wkhuh duh pruh htxdwlrqv +dv ghqhg e| wkh lqfhqwlyh frp0
sdwlelolw| frqglwlrqv dw wkh fkdqjh srlqwv, wkdq yduldeohv/ w? *v/ dqg jhqhul0
fdoo|/ lq wkh sd|rv ri x +{> v,/ wkh v|vwhp ri htxdwlrqv kdv qr vroxwlrq1
Surri ri Sursrvlwlrq 61 E| Sursrvlwlrq 4/ wkh wudqvihuv duh xqltxho|
ghwhuplqhg xs wr d frpprq frqvwdqw1 Frqvlghu dq| dgmdfhqw vhwv V?3 dqg
V? =


;v 5 V?3 = x +{? > v,  x {?3 > v  w?  w? 3
dqg


;v 5 V? = x +{? > v,  x {?3 > v  w?  w? 3 =
Qrz frqvlghu dq| duelwudu| sdlu V& dqg V6 rughuhg vr wkdw {& ! {6 1 Zh
zdqw wr vkrz wkdw=


+55,
;{& ! {6 > ;v 5 V& = x {& > v  x +{6 > v,  w&  w6
 =
dv zhoo dv



&
;{6 " {& > ;v 5 V6 = x +{6 > v,  x {& > v  w6
  w >

Frqvlghu +55,1 Zh fdq h{sdqg wkh glhuhqfh rq wkh ukv wr
6
3


[
x {& > v  x +{6 > v, 
w,  w,n =
,'&
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+56,

Frqvlghu wkh xsshuprvw hohphqw ri wkh vxp=
 63 6 
3
w6
 w6
> v  x +{6 > v6 ,
 @ x {

dqg iru doo v ? v6 >
 63 
3
w6
 w6
> v  x +{6 > v,
  x {

ru
 63 
3
x +{6 > v,  w6
> v  w6
  x {


+57,

e| +48,1 Uhsodflqj wkh okv lq +57, e| wkh ukv/ wkh lqhtxdolw| +56, ehfrphv d
sulrul kdughu wr vdwlvi|1 Diwhu wklv rshudwlrq/ +56, ehfrphv
32


[
 63  6
&
>v 
w,  w,n >
x { > v  x {

,'&

dqg e| uhshdwhgo| xvlqj wkh dujxphqw lq +57,/ +56, lv hyhqwxdoo| uhgxfhg wr




x {& > v  x {&n > v  w&  w& n >
zklfk lv vdwlvhg e| +48,/ zkhq wkh wudqvihuv duh dv lq +54,1
Surri ri Fruroodu| 61 Vxssrvh wkhuh lv d udqnlqj ri doorfdwlrqv {f ! { !
=== ! { iurp wkh srlqw ri lqglylgxdo l1 Wdnh dq| srlqw dw zklfk wkh h!flhqw
doorfdwlrq lv hlwkhu n dqg o1 Li lw lv d fkdqjh srlqw iurp n wr o dv v lqfuhdvhv/
ghqrwh wkh srlqw e| v&c, rwkhuzlvh e| v,c& 1 Wkhq li o lv suhihuuhg wr n e| l/ lw
iroorzv e| frqglwlrq +ll, wkdw

l
C k  , 
x { > v  x {& > v A 3>
Cv
dqg khqfh lw lv d srlqw v&c, dqg e| +l, lw iroorzv wkdw

l
C k  , 
x { > v  x {& > v A 3>
Cv
dv zhoo/ zklfk ohdgv wr wkh frqfoxvlrq wkdw wkh rughulqj ri wkh lqwhuydov
vrfldoo| lv htxlydohqw wr wkh rughulqj ri wkh pdujlqdo uhwxuqv e| l1 Lw uhpdlqv
wr vkrz wkdw frqyh{lw| lv lpsolhg dv zhoo1 Vxssrvh wkdw v> v 5 V& dqg iru
6:

vrph  5 +3> 4,/ v.+4  , v 5 V, 1 Wkhq wkhuh pxvw eh dw ohdvw wzr srlqwv/
vd| vJ dqg vJJ v1wk1




x {, > vJ @ x {& > vJ
dqg




x {, > vJJ @ x {& > vJJ >
exw wklv ylrodwhv frqglwlrq +ll,/ dqg khqfh zh rewdlq d frqwudglfwlrq1
Surri ri Fruroodu| 71 Revhuyh uvw wkdw zlwk wkh olqhdu prgho/ wkh orfdo
frqglwlrq +44, dqg wkh joredo frqglwlrq +48, frlqflgh1 Vlploduo| vhw frqyh{lw|
uhtxluhv lq wkh olqhdu prgho wkh lqhtxdolw|=
U
[
 '

U
  [
 
,
x { 
x {& /
 '

zklfk frqfoxghv wkh surri1
Surri ri Sursrvlwlrq 71Wkh surri whfkqltxh lv vlplodu wr Wkhruhp 6151
lq Juhhq ) Odrqw +4<:<,/ zkhuh wkh xqltxhqhvv ri wkh YFJ phfkdqlvp lv
vkrzq iru wkh sulydwh ydoxh prgho1 Iru dq| jlyhq v3 / zh fdq zulwh
? 




[
x3 {&3 > v&  x3 {& > v& . k +v > v3 ,
w +v > v3 , @

+58,

&'

iru dq duelwudu| ixqfwlrq k +v > v3 ,1 Zh zdqw wr vkrz wkdw li w +v, lp0
sohphqwv wkh h!flhqw doorfdwlrq lq dq h{0srvw htxloleulxp iru hyhu| v/ wkhq
k +v > v3 , pxvw lq idfw eh lqghshqghqw ri v 1 Vxssrvh qrw/ wkdq wkhuh h{lvw
v dqg v vxfk wkdw k +v > v3 , 9@ k +v > v3 ,1 E| h{whqvlrq/ ghqh v dqg v
wr eh v @ +v > v3 , dqg v @ +v > v3 ,/ uhvshfwlyho|1 Frqvlghu uvw wkh fdvh
wkdw { +v, @ { +v ,1 Li +{> w, lv lpsohphqwhg lq h{0srvw htxloleulxp/ wkhq e|
Ghqlwlrq +7, zh kdyh
   
 
x +{ +v, > v,  w +v,  x { v > v  w v

6;

dv zhoo dv
   
 


x { v > v  w v  x { +v, > v  w +v, 1
Vlqfh { +v, @ { +v ,/ wkh deryh wzr lqhtxdolwlhv lpso| wkdw w +v, @ w +v ,/
dqg vr iurp +58,/ zh kdyh wkdw k +v, @ k +v ,/ d frqwudglfwlrq1
Frqvlghu qh{w wkdw { +v, 9@ { +v ,/ dqg dvvxph zlwkrxw orvv ri jhqhudolw|
wkdw { +v, @ {?3 dqg { +v , @ {? 1 E| wkh dujxphqw lq wkh suhylrxv vwhs/ zh
pd| dvvxph wkdw k +v, dqg k +v , duh frqvwdqw lq v dqg v rq wkh lqwhuydov
V?3 dqg V? / uhvshfwlyho|1 Exw Sursrvlwlrq 4 lpsolhv wkdw wkh htxdolw|
 
w v  w +v, @ x3 +{?3 > v? ,  x3 +{? > v? ,
krogv/ zklfk lpsolhv djdlq wkdw k +v, @ k +v ,/ d frqwudglfwlrq1
Surri ri Sursrvlwlrq 81 Wkh cli* sduw ri wkh sursrvlwlrq lv lpphgldwh dv
h{0srvw lpsohphqwdwlrq e| ghqlwlrq lv lqghshqghqw ri I3 +v3 , dqg khqfh
li lw lv ihdvleoh/ lw lv ihdvleoh iru hyhu| I3 +v3 ,1
Iru wkh crqo| li* sduw/ ohw I3 +v3 , eh jlyhq e| d glvwulexwlrq zklfk sxwv
suredelolw| 4 rq v3 dqg suredelolw| }hur rq doo rwkhu uhdol}dwlrqv v3 5 V3 1
Wkh lpsohphqwdwlrq sureohp wkhq uhgxfhv wr d vlqjoh djhqw lpsohphqwdwlrq
sureohp iru zklfk grplqdqw dqg Ed|hvldq lpsohphqwdwlrq frqglwlrqv duh
htxlydohqw/ dqg vr duh/ d iruwlrul/ h{0srvw dqg Ed|hvldq frqglwlrqv1
Surri ri Sursrvlwlrq 91 Wkh qhfhvvdu| frqglwlrqv zlwk d frqwlqxxp ri
doorfdwlrqv fdq eh rewdlqhg gluhfwo| e| frqvlghulqj wkh frqglwlrqv ri wkh glv0
fuhwh doorfdwlrq prgho lq wkh olplw dv wkh vhw ri glvfuhwh doorfdwlrq frqyhujhv
wr wkh vhw ri d frqwlqxxp ri doorfdwlrqv1 Wkh ghwdlov duh rplwwhg1 
Surri ri Sursrvlwlrq :1 Wkh vx!flhqw frqglwlrqv zlwk d frqwlqxxp ri
doorfdwlrqv fdq eh rewdlqhg gluhfwo| e| frqvlghulqj wkh frqglwlrqv ri wkh glv0
fuhwh doorfdwlrq prgho lq wkh olplw dv wkh vhw ri glvfuhwh doorfdwlrq frqyhujhv
wr wkh vhw ri d frqwlqxxp ri doorfdwlrqv1 Wkh ghwdlov duh rplwwhg1 
Surri ri Sursrvlwlrq ;1 E| dvvxpswlrq/ x +{> $  > $ 3 , lv vxshuprgxodu
lq +{> $  , iru hyhu| $ 3 1 Wkh vxshuprgxodulw| surshuw| lv suhvhuyhg xqghu
6<

h{shfwdwlrqv=
x +{> $  > v3 , @

[

x +{> $  > $ 3 ,

l3

\
 '

s +$  mv ,

dqg d iruwlrul x +{> $ > v3 , vdwlvhv wkh vlqjoh furvvlqj surshuw| lq +{> $  ,1
E| Ohppd 4 ri Nduolq ) Uxelq +4<89,/ lw iroorzv wkdw x +{> v > v3 , vdwlv0
hv wkh vlqjoh furvvlqj surshuw| lq +{> v ,1 D vlplodu dujxphqw dssolhv wr
x +{> $  > v3 ,1 Ixuwkhupruh/ e| Wkhruhp 4 ri Nduolq ) Uxelq +4<89,/ lw iro0
orzv wkdw dq rswlpdo vwudwhj| zklfk lv prqrwrqh lq v h{lvwv1 Wklv suryhv
wkh uvw sduw ri wkh wkhruhp1
Li x +{> $  > v3 , lv vxshuprgxodu lq +{> $  , iru hyhu| v3 / wkhq x +{> v > v3 ,
ghqhg dv
[
x +{> $  > v3 , s +$  mv ,
x +{> v > v3 , @
l

lv dovr vxshuprgxodu lq +{> v , e| Wkhruhp 614314 lq Wrsnlv +4<<;, vlqfh
s +v > $  , vdwlvhv wkh prqrwrqh olnholkrrg udwlr1
Surri ri Wkhruhp 51 Wklv wkhruhp lv d vshfldo fdvh ri Wkhruhp 6 diwhu
lqwurgxflqj wkh iroorzlqj udqnlqj iru wkh doorfdwlrqv1 Zlwk d vlqjoh xqlw
dxfwlrq/ wkh vhw ri doorfdwlrqv lv vlpso| wkh dvvljqphqw ri wkh remhfw wr d
sduwlfxodu elgghu1 Iru hyhu| l/ sduwlwlrq wkh vhw ri doorfdwlrq [ lqwr { dqg
{3 dqg rughu wkh dvvljqphqwv vxfk wkdw { " {3 1 +Wkh rughu dprqj wkh
uhpdlqlqj elgghuv lv luuhohydqw1, E| ghqlwlrq ri wkh vlqjoh remhfw dxfwlrq
x +{3 > $, @ 31
Pruhryhu ghqrwh wkh rqo| qrqwulyldo +lq whupv ri xwlolw|, dvvljqphqw iru
sod|hu l e|
x +$, ] x +{ > $, 1
Wr yhuli| wkh vxshuprgxodulw| surshuw|/ lw lv wkhuhiruh vx!flhqw wr h{dplqh
wkh ehkdylru ri
x +{ > $,  x +{3 > $,
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dv d ixqfwlrq ri $  1 Vlploduo| iru x3 +{> $,1 Wkh uhvxow lv qrz d gluhfw
frqvhtxhqfh ri Wkhruhp 61
Surri ri Wkhruhp 61 Wkh surri lv zulwwhq iru d frqwlqxxp ri doorfdwlrqv/
exw doo dujxphqwv jr wkurxjk zlwk wkh reylrxv qrwdwlrqdo prglfdwlrq iru
d qlwh vhw ri doorfdwlrqv1 Wkh qhw xwlolw| ri djhqw l xqghu wkh jhqhudol}hg
YFJ phfkdqlvp lv jlyhq e|
y +{> v> ve, ] x +{> v,  w +e
v, >

+59,

zkhuh v @ +v > v3 , lv wuxh vljqdo dqg ve @ +e
v > v3 , wkh uhsruwhg vljqdo1 Iru
v, wr eh ghwhuplqhg gluhfwo| e|
d {hg v3 / zh fdq uhzulwh wkh wudqvihu w +e
v, lv
{ udwkhu wkdq ve1 Wklv lv zlwkrxw orvv ri jhqhudolw| dv zh uhfdoo wkdw w +e
frqvwdqw lq ve frqglwlrqdo rq {1 Wkh qhw xwlolw| ri djhqw l fdq qrz eh zulwwhq
gluhfwo| dv
y +{> v, ] x +{> v,  w +{, =

+5:,

Wkh wudqvihu w +{, iru d frqwlqxxp ri doorfdwlrqv lv wkhq jlyhq e| dqdorj|
zlwk +4:, dv
] %
Cx3 +}> v +},,
+5;,
g} . w +{, >
w +{, @ 
C}
%
zkhuh v +}, ghqhv v vxfk wkdw iru v @ +v > v3 ,/ } lv wkh rswlpdo doorfdwlrq1
Lw iroorzv gluhfwo| iurp +5:, wkdw y +{> v, lv vxshuprgxodu lq +{> v , li dqg
rqo| li x +{> v, lv vxshuprgxodu lq +{> v ,/ zklfk lq wxuq lv jxdudqwhhg e| wkh
vxshuprgxodulw| ri x +{> $, lq +{> $ ,/ dv vkrzq lq Sursrvlwlrq ;1 E| wkh
vdph wrnhq/ vxshuprgxodulw| ri +{> v , lv suhvhuyhg diwhu wdnlqj wkh h{shf0
wdwlrq zlwk uhvshfw wr wkh vljqdo I k  ri wkh uhpdlqlqj djhqwv iru x +{> v,
dqg y +{> v,
3

x +{> v > 3 , ] Hk

^x +{> v > v3 ,`

y +{> v > 3 , ] Hk

^y +{> v > v3 ,`

3

dqg
3
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Wkh h{shfwhg ydoxh ri wkh vljqdo vwuxfwxuh I k xqghu wkh rswlpdo doorfdwlrq
srolf|/ zklfk e| wkh h{0srvw h!flhqf| ri wkh YFJ phfkdqlvp lv lghqwlfdoo|
wr { +v, iru x +, dqg y +,/ lv ghqrwhg e|=
y +, @ y + > 3 , ] Hk ^y +{ +v, > v > 3 ,`

+5<,

dqg olnhzlvh iru wkh vrfldo xwlolw| ixqfwlrq=
x +, @ x + > 3 , ] Hk ^x +{ +v, > v > 3 ,` 1

+63,

Qh{w zh vkrz wkdw wkh lqfuhphqwdo uhwxuqv iurp d ohvv wr d pruh hhfwlyh
glvwulexwlrq/ vd|  dqg  uhvshfwlyho|/ duh odujhu iru wkh vrfldo remhfwlyh
ixqfwlrq wkdq iru djhqw l li x3 +{> $, lv vxshuprgxodu lq +{> $  ,1 Lq rwkhu
zrugv zh zdqw wr vkrz wkdw
 
 
x   x +,  y   y +,

+64,

zkhq  lv pruh hhfwlyh wkdq  dqg 3 @ 3 1 Wr wklv hqg/ revhuyh wkdw
wkh lqhtxdolw| +64, fdq eh zulwwhq dv
 
 
x3  . w   x3 +, . w +,

+65,

zkhuh wkh xwlolwlhv x3 +, dqg w +, duh hydoxdwhg iru hyhu| vljqdo v dw { +v,1
Wkh lqhtxdolw| lv wkhq hvwdeolvkhg li zh fdq vkrz wkdw wkh ixqfwlrq x3 +{> v,.
w +{, lv +l, vxshuprgxodu lq +{> v , dqg +ll, dfklhyhv d joredo pd{lpxp dw
v @ v +{, iru doo v1 Wkh uvw surshuw| lv jxdudqwhhg e| wkh vdph dujxphqw
dv ehiruh li x3 +{> v, lv vxshuprgxodu lq +{> v ,1 Wkh vhfrqg surshuw| lv
hvwdeolvkhg qrz1 Dv
x3 +{> v, . w +{, @ x +{> v,  y +{> v, >
lw iroorzv wkdw
x3 +{> v, . w +{,
kdv d vwdwlrqdu| srlqw dw { iru doo v @ v +{,/ vlqfh e| +5:,=
Cx3 +{> v, Cw +{,
Cx3 +{> v, Cx3 +{> v +{,,

@

@3
C{
C{
C{
C{
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Qrwlfh qh{w wkdw orfdoo| dw v @ v +{,/ wkh ixqfwlrq lv frqfdyh dv wkh vhfrqg
ghulydwlyh zlwk uhvshfw wr { lv jlyhq e|
C 2 x3 +{> v, C 2 x3 +{> v +{,, C 2 x3 +{> v +{,, gv +{,


C{2
C{2
C{Cv
g{
dv wkh uvw wzr whupv fdqfho dw v @ v +{,/ dqg
C 2 x3 +{> v +{,, gv +{,
3
C{Cv
g{
e| wkh vxshuprgxodulw| ri x3 +{> v, dqg x +{> v, lq +{> v ,1 Wkxv li wkh orfdo
pd{lpxp zrxog dovr eh wkh joredo pd{lpxp/ zh zrxog kdyh x3 +{> v, .
w +{, wr eh d vxshuprgxodu remhfwlyh ixqfwlrq/ zlwk dq rswlpdo srolf| { @
{ +v, iru doo v/ dqg khqfh e| Wkhruhp 814 ri Ohkpdqq +4<;;,  zrxog kdyh
d kljkhu wkdq / zklfk lq wxuq zrxog hvwdeolvk +65, dqg +64,1 Krzhyhu rxu
vwdqglqj dvvxpswlrqv grq*w doorz xv wr frqfoxgh wkdw wkh orfdo pd{lpxp lv
dovr d joredo pd{lpxp1 Wklv qdo revwdfoh fdq eh uhpryhg e| prgli|lqj wkh
remhfwlyh ixqfwlrq x3 +{> v, . w +{, wkurxjk wkh dgglwlrq ri d qhz ixqfwlrq
j +{> v, zlwk=
J +{> v, ] x3 +{> v, . w +{, . j +{> v,
vxfk wkdw wkh iroorzlqj surshuwlhv duh vdwlvhg=
j +{ +v, > v, @ 3> dw doo { @ { +v, >

+d,

J +{> v, lv vxshuprgxodu lq +{> v , >

+e,

J +{ +v, > v,  J +{> v, > ;v> {1

+f,

dqg

Li d ixqfwlrq j +{> v, h{lvwv vxfk wkdw J +{> v, vdwlvhv wkh surshuwlhv +d,+f,/
wkhq lw iroorzv wkdw/ xvlqj wkh qrwdwlrq lqwurgxfhg lq +5<, dqg +63,/ wkdw
 
J   J +,
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dqg vlqfh +e, krogv/ zh fdq frqfoxgh wkdw
 
 
x3  . w   x3 +, . w +,
hyhq wkrxjk wkh ixqfwlrq x3 +{> v, . w +{, lv hydoxdwhg dw { +v, iru hyhu| v/
zklfk pd| qrw eh d joredo pd{lpxp iru x3 +{> v, . w +{,1 Zh wkhuhiruh
frqfoxgh e| frqvwuxfwlqj d ixqfwlrq j +{> v, zklfk dfklhyhv +d,  +f,1 Iru
hyhu| v/ ghqh e +v, wr eh=
e +v, ] x +{ +v, > v,  x3 +{ +v, > v,  w +{ +v,,
dqg ghqh j +{> v, wr eh
j +{> v, ] x +{> v,  x3 +{> v,  w +{,  e +v, 1

+66,

Lw lv qrz hdv| wr yhuli| wkdw J +{> v, vkduhv wkh vxshuprgxodulw| surshuwlhv
ri x +{> v,/ kdv d joredo pd{lpxp dw { @ { +v, iru hyhu| v/ dqg lqghhg
j +{ +v, > v, @ 3/ zklfk frqfoxghv wkh surri1 Wkh fruuhvsrqglqj uhvxow iru
vxeprgxodulw| fdq eh rewdlqhg e| vlpso| uhyhuvlqj wkh lqhtxdolwlhv1
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